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Abstract

A basic supersymmetric theory containing the Higgs sector of the Stan-
dard Model is the Minimal Supersymmetric Standard Model. In this theory
the bare Higgs masses are known. In order to obtain a preciser phenomenolo-
gy, corrections must be performed. These corrections come from two different
considerations. On the one hand the approach of an effective field theory is
taken. This means that a fundamental mass scale A is introduced, at which new
physics enters. The low-energy theory will be modified by non renormalizable
supersymmetric gauge invariant operators. On the other hand, the Minimal Su-
persymmetric Standard Model will be influenced by radiative corrections. They
are linked to the scale of supersymmetry breaking, Msysy. Modifications to the
tree-level Higgs masses arising from these corrections will be calculated.
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Chapter 1

Introduction

The SU(3)¢ ® SU(2), ® U(1)y invariant Lagrangian of the Standard Model
(SM) describes massless gauge bosons interacting with massless fermions. In
order for mass terms to be generated, one introduces fundamental complex
scalar (Higgs) fields ¢, which couple gauge-invariantly to the gauge bosons via
the covariant derivatives

3 i
) O Y
D, ¢D ¢l D=0, + ngW,ﬂ5 + zg';BN, (1.1)
i=1
(where g, ¢’ and 0?/2, Y/2 and Wf‘, B, are the SU(2)r, U(1)y couplings and

group generators and gauge fields, respectively) and couple gauge-invariantly
to the fermions through the Yukawa coupling of the form

v [(Brd)en + Pr(otr)] (1:2)
This specifies ¢ as a SU(2), doublet (weak isospin T' = 1/2) with weak hyper-
charge Y =1, i.e.
(7Y L ¢1++z'¢;>
o=(5) - (i) ()

The problem of generating mass terms in the SM is related to the problem
of breaking the gauge symmetry. This is implemented by the mechanism of
spontaneous symmetry breaking: The Lagrangian remains invariant under the
symmetry but the vacuum state is chosen to be invariant. This is exactly what
the Higgs fields accomplish, due to an extra term arising in the SM Lagrangian
coming from the Higgs self-interaction

Liiggs = —myd ¢ — Au(41¢)> = —V(4). (1.4)

The scalar potential V contains the most general SU(2); invariant renormal-
izable (i.e. dimension-four) terms. The dimensionless coupling Ay must be
positive for V to be positive. In perturbation theory one expands ¢ about the
minimum of the scalar potential

ov
i =0, (1.5)
94 | <>
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where < ¢ >:=< 0] ¢|0> denotes the vacuum expectation value (VEV). This
defines the vacuum state of the theory, which is said to be invariant (non invari-
ant) for a zero (non zero) VEV. The mass parameter m? controls the sponta-
neous symmetry breaking: If m?% > 0, it would describe the mass of the Higgs
particles and < ¢ >= 0 . However, if m%, is taken to be negative', then the
minimum of V is shifted and the new condition is
2
m 1
<Plp>=——H = ~42, 1.6

#p> =L 2 (1.6)
This only specifies the magnitude of ¢, so the symmetry is not yet broken. In
choosing a specific solution, i.e. a special direction of ¢ in the isospin space,

the symmetry is spontaneously broken, < ¢># 0.2 A valid choice is

<p>= % (2) , (1.7)

meaning that <¢{> = v. In order to obtain a meaningful quantum field theory
one must shift the fields: h(z) := ¢?(z) — v, with <h>=0. The h field is the
physical Higgs field after spontaneous symmetry breaking and the Lagrangian
— expressed in terms of A — is not invariant. The mass term is mfl = 2\gv2.

Returning to the ¢ fields, the choice of the minimum as in eq. (1.7) ensures
that the vacuum is invariant under U(1)gas and the photon remains massless.
This should not be confused with the Nambu-Goldstone theorem:

A Lagrangian L£(¢) is invariant under some symmetry group G,
generated by .2 The potential is also invariant, meaning that

oV
0V = —d¢p; = 0; ;=1,...,N.
aqsz ¢1 7 1 ) 7 (*)
The equations for the minimum of the potential are
av 0%y
=0 and ——— = M2 > 0, *%k
8¢Z <¢i> 8¢Za¢] <¢i> " ( )

where M? is the scalar mass matrix for the fields. Let < ¢; > = v; be
a solution of these equations. Suppose that some of the generators
satisfy (%)} < ¢p >= 0, leaving the new vacuum invariant (a =
1,...,n). They form a subgroup of G. The remaining (N — n)
generators are taken to break the symmetry of the vacuum: (t“)i’C
< ¢r, > #0. They will be denoted by #*. Differentiating eq. (*) gives

0*v oV j
' ) f — v ) =o0.
ion (g )0+ 507 (s2)
Substituting eqs. (**) gives M?j(f‘l < ¢>); = 0, which means that
for every broken generator there is a zero eigenvalue of M?2. Thus
there are (N — n) massless fields, called Goldstone bosons.

!This corresponds to tachyon states.

*Note that only scalar fields can have non zero VEV’s without violating Lorentz symmetry.
This is the motivation for their introduction.

3Compare with section 2 of appendix B.



The gauge group for the SM is SU(3)c ® SU(2)r ® U(1)y and one finds

a '3

-%<¢>:0, %<¢>¢0, §<¢>¢m (1.8)
where \%/2, 0*/2 and Y/2 generate the gauge group (a = 1,...,8; i = 1,2,3).
The Goldstone theorem states that SU(2), ® U(1)y is broken, resulting in four
massless Goldstone bosons. SU(3)¢ remains unbroken and the corresponding
gauge bosons (gluons) remain massless. By construction (eq. (1.7)) the vacuum
is invariant under U (1) g

3
Q<¢>:<%~+§)<¢>:& (1.9
because of the choice of the non vanishing VEV to be that of the neutral field
#Y. Thus the symmetry breaking has the structure SU(2),@U(1)y — U(1)gm
and one is left with three Goldstone bosons (from SU(2)r) and one massless
gauge boson (photon) from the remaining U(1)gas-
The question remains: how are the masses generated in the SM? The answer
is given, when one applies the Goldstone theorem to gauge theories. This is
called the Higgs mechanism:

It is possible to parametrize the field ¢ by the introduction of new
fields (617625 63) = 6 and h’O

L 0
¢ = ez(f-o)/Q (%(U N ho)) ’ (_I_)

where the general SU(2), gauge transformation

GER) /2 _ (COS(&/ 2) +ingsin(¢/2)  (n2 + n1)sin(¢/2) )
—(ng —mnq)sin(&/2)  cos(£/2) — ingsin(€/2)
(1)

was used. 5 = ¢&fi. By inspections A is the physical Higgs field,
formerly denoted by h. This allows the three ; fields to be identified
as the three Goldstone bosons related to the spontaneous symmetry
breaking. They will be employed to give the mass to the physical
gauge bosons W and Z°.* This is achieved by exploiting gauge
freedom and setting E = 0 (unitary gauge). Thus the Goldstone
bosons are ‘gauged away’ and do not appear in the Lagrangian.
The SU(2);, transformation (f) is also linked to a re-definition of
the gauge fields Wli, which results in the appearance of mass terms
for W* and Z° in the Lagrangian . In becoming massive, each
gauge boson has received an additional (longitudinal) polarization
from the (three) degrees of freedom lost by choosing the unitary
gauge.
4Wf := (W, ¥ iW_2)/V2. The neutral gauge bosons Z and the U(1)pn gauge field A,

(photon field) are linear combinations of W2 and B,, involving a mixing angle. See footnote
on page 34.
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For further information on the SM and the Higgs sector consult refs. [1], [2]
and [10].

Ideas and concepts of supersymmetry (SUSY) are introduced in the nex-
t chapter. An important result will be the formulation of the general gauge
invariant supersymmetric Lagrangian in section 2.4.2. The simplest way to
incorporate SUSY into the physics of our world is in supersymmetrizing the
Lagrangian of the SM. If this is done in the most straightforward manner the
resulting theory is called the Minimal Supersymmetric Standard Model (MSS-
M). It is described in chapter 4. The Higgs sector of the MSSM is presented
in section 4.2.2. Being supersymmetric the MSSM resolves the (deep-rooted)
complications associated with the Higgs sector of the SM. These complications
are referred to as the hierarchy problem (HP) and involve the difficulties which
arise, if a fundamental scalar Higgs field is included in the SM :

The mass renormalization gives quadratically divergent corrections
to the bare Higgs mass of the form dm?% = g?A?%, where A is a cut-
off, which indicates the advent of new physics, (e.g. A = Mpigner =
10'? [GeV]). It is possible to absorb the infinities into the bare mass
and obtain the desired values for the physical Higgs masses. This,
however, involves an incredible fine tuning of the parameters at
every loop order in perturbation theory. In other words: why is the
Higgs mass small, and why does it remain small?

SUSY theories® circumvent this dilemma due to their special renormalization
properties discussed in section 2.5: To each boson loop correction there exists
a fermion loop correction of the opposite sign, so that the scalar masses are
no longer quadratically divergent, i.e. dm?% = ¢?AZ _~ — g?A3,. . = 0.
Since SUSY is not an exact symmetry of nature, the cancellations must be
incomplete, and the Higgs mass receives contributions that are limited by the
extent of the SUSY breaking, controlled by the parameter Mgy sy. In order for
the HP to remain resolved, it is necessary that the scale of the SUSY breaking
does not exceed 1 [TeV], see ref. [3]. It is also considered to be larger than the
electroweak scale. The mechanism of SUSY breaking is specified in chapter 3.

The physics at the fundamental mass scale A is not specified. It will however
manifest itself at energies below A through small deviations from the MSSM.
They will be described by an effective Lagrangian containing non renormalizable
(i.e. dimension > 5) SU(3)¢ ® SU(2)r ® U(1)y invariant supersymmetric
operators. This analysis is in the spirit of ref. [5] , where the calculations of
higher dimensional operators is done for the SM. Only next-to-leading order
terms in the Lagrangian will be considered and their corrective influence on the
bare MSSM Higgs masses is discussed in chapter 5. The range of A is taken to
be: 3 [TeV] < A < 10 [TeV], from ref. [4].°

The tree-level Higgs masses will also receive radiative corrections. They are
taken from [6] and their influence is again analyzed in chapter 5.

®Incidently, there is a different approach to the HP: the Higgs particle is thought to be
composed of fermions and a new confining, asymptotically free, non-Abelian gauge interaction
is introduced, termed technicolor.

SNote that this choice of A € Mpigner also offers a solution to the HP.



Chapter 2

An Introduction to
Supersymmetry

In this chapter the key elements of SUSY are introduced. For a more detailed
treatment of the subject and further reading consult references [7] — [11].

2.1 Basic Ideas

SUSY is a symmetry relating bosonic and fermionic fields, meaning that there
exist SUSY operators! (), which convert boson states into fermion states (and
vice versa):

Q|B)=|F). (2.1)

Thus SUSY is a symmetry sensitive to the spin of particles.
Infinitesimal supersymmetric transformations can be expressed in a form
analogous to the transformations of the Lorentz group, eq. (B.12)

59U B = eQd. (2.2)

The (super-) multiplets ® span a linear representation of the SUSY algebra gen-
erated by (). The € are the parameters of the transformation. Both () and € are
Majorana spinors (for a summary on spinors see appendix C). The generators
themselves are fermionic, so they must satisfy anticommutator relations. It is
this special feature of the SUSY generators that give them their unique physi-
cal significance?: It is possible to extend the Poincaré algebra in a natural way
to include these anticommutator relations and thus create a new superalgebra
with the structure of a graded Lie algebra

[even, even] = even
{odd, 0dd} = even (2.3)
[even, odd] = odd,

'In this paper, only the case of one operator will be studied. In the literature this model
is referred to as N=1 SUSY.

2The Coleman-Mandula theorem forbids a nontrivial combination of an internal symmetry
group with the Poincaré group. The generators of these groups satisfy commutation relations.
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where ‘odd’ and ‘even’ denote the fermionic respectively the bosonic character
of the generators. This is the only nontrivial way to mix internal and external
(i.e. space-time) symmetries and hinges on the concept of spin.

2.2 The Supersymmetry Algebra

The SUSY algebra written with four-component Majorana spinors @), reads

[MM MP7] = —i(n"* MY + "7 MFP — gh? MYP — 1P MK (2.4a)
[MH | PP] = ( wppv _ VP pity (2.4D)
[PH, PV = (2.4c)
[MH,Qa] = (E’“’Q) (2.4d)
[P*,Qa] =0 (2.4¢)
{Qa» Qs} = —2(7"C) Py (2.4f)

Egs. (2.4a) — (2.4c) are the commutation relations for the Poincaré algebra.?
Eq. (2.4d) states, that the quantities ) transform as spinors under Lorentz
transformations.* This also means that the generators of the fermionic sector,
i.e. eq. (2.4f), span a representation of the Lie algebra forming the bosonic
sector, i.e. the commutation relations (2.4a) — (2.4e).

It is possible to express the anticommutation relations with two-component
spinors®, noting that the Majorana spinor @, decomposes into:

Q= (gg) . aa=1.2 (2.5)

The fermionic sector of the SUSY algebra is then
{Qaa Q,B} = {Qda Qﬁ} =0 (26&)
{Qay @5} = 2Pu(0") 5 (2.6D)

For the supermultiplets one finds the following properties:

1. All particles belonging to an irreducible representation have the same
mass (P? is a Casimir operator of the SUSY algebra).

2. The energy E = P, is always positive or zero.

3. A supermultiplet always contains an equal number of fermionic and bos-
onic degrees of freedom.

The supersymmetric transformations (2.2) can be cast into two-component no-
tation

60 =i (e2Qq + €aQ%) @. (2.7)

3See section 1.1 of appendix B.
4See section 1.2 of appendix B.
5See appendix D.
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It is possible to express the algebra of eq. (2.6b) in terms of commutators, using
supersymmetric transformations:

[01,02] = [i(e1Q + &1Q), i(€2Q + ©Q)] = — (e3&5" + &{'¢3) {Qa, Qa}

. . 2.8
= -2 (e}(0")aats — €5(0")aael’) Py = 2i (e10" € — e20"€1) O 28)

In performing the above calculations one assumes that the spinorial parameters
€® and €“ are anticommuting (Grassmann) variables

(e, €%} :.{ea,EB} = {e%,&%) = 0
{e*,Q%) = {*, Q%) =(e%,Q°} = {e%,Q@"} =0,

and it was used that

(2.9)

P, = —id,. (2.10)

This establishes the fact that the transformation properties of the supermulti-
plets ® under supersymmetric transformations specify a representation of the
SUSY algebra, i.e.

[51,52]@ =2 (610’”’@2 — 620"“@1) BH(I). (2.11)

2.3 Superfields and Superspace

The superfield and superspace formalism allow a natural and compact descrip-
tion of SUSY representations. Furthermore, Lagrangians can be easily con-
structed in this framework. Originally SUSY was formulated in the Wess-
Zumino model [12] using component fields which form a supermultiplet. Both
formulations are equivalent (superfields can be constructed from component
fields and component fields can be recovered from superfields by power series
expansion), but with increasing complexity the Wess-Zumino model becomes
intractable.

2.3.1 Superspace

The idea is to extend ordinary space-time to incorporate additional anticom-
muting spinorial coordinates subject to the Majorana condition:

X =(a"0%, a=1,...,4 (2.12)

A supersymmetric transformation acting on the superspace coordinates induces
the following transformation

zt — ' + ieyt0
0 — 6% + ¢, (2.13)
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where €* (o = 1,...,4) is the parameter of the transformation, again an an-
ticommuting Majorana spinor. In two-component notation eqs. (2.13) are
written as

Tt = ot + jeoth — ifotE
0% — 0% + € (2.14)
0% — 6% + ¢4,

In the case of space-time translations, the action of a group element G =

exp(iP*A,) on a scalar function f(z) induces a motion in the parameter s-
pace of the form

o 5 2+ AR, (2.15)

In analogy, the SUSY algebra (egs. (2.4)) is a Lie algebra with anticommuting
parameters and the corresponding group element is

G(z,0,0) = P Bute?Qa+asQ?) (2.16)

So eqs. (2.14) represent a motion in the super-parameter space induced by the
action of the group element G on a scalar function of superspace (superfield).®

2.3.2 Superfields

It is possible to introduce superfields F = F(z, 8, ) such that the SUSY genera-
tors @ and Q act on F through derivatives only, in analogy with translations. In
other words, a representation of the generators is found, containing the partial
derivatives’ Oy O and Oy

Q,a = —1 (aa - i(o"u)adédau)

Q= —i (—0s +10%(0")aa0y) - (2.17)

These differential operators satisfy the required algebra of eq. (2.6b), using
P, = —i0,

{Q0, Qa} = —2i(0")ac0u- (2.18)
By convention, in the literature a different representation of Q and Q is used

b= —i(0n +i(0")0a0%0,)

¢ 3 2.19
1 = i (=0 — 10°(0")aa ) o

This however gives the wrong sign in eq. (2.6b)

{Q8, Q4} = +2i(0")as04- (2.20)

5The result of this analysis is presented in eq.(2.22).
"For the notation see appendix A.
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In the following this convention will be adopted and the symbol @ (and Q
respectively) will be used to denote the generators and the representation Q"
(and Q" respectively). Note that with

Q% = — (éd +30% (0" Bﬁsﬁdau) , (2.21)
one finds
€eQ +eQ = —i (eaaa +€,0% + i(ectd — 90’“@)8u) . (2.22)

This states the expected result that a supersymmetric transformation gener-
ates a translation i(ec#6 — fo€) in z#-space and a translation € and € of the
coordinates 6 and 0, see discussion after eq. (2.16).
A general superfield F'(z,0,0) is defined by its expansion in powers of § and
o:
F(z,0,0) =f(z) + 06(x) + Ox(x) + 00m(x) + 00n(z) (2.23)
+ 05" 0v,,(z) + 000X(z) + 000+ (z) + 0000d(z). )
All higher powers of 6 and § vanish. In eq. (2.23)
e f.m, n, d are complex scalar fields,
® du, X%, A4, 9, are two-component spinors,

° v, = —%(6“)davad is a complex vector field.

This gives 16 real bosonic components (two for each scalar, eight for v,) and 16
real fermionic components (four for each spinor). The superfield F' transforms
under supersymmetric transformations as

OF = i(eQ + €Q)F. (2.24)

The transformation laws for the component fields is obtained by matching the
terms of § F with the corresponding 0 and # powers of the components. Consider
a superfield F' with no # components, containing only a complex scalar field z,
a two-component spinor 1, and a second complex scalar field f, i.e.

F(z,0) = z(z) + 0 (x) + 00 f (x). (2.25)

Transforming F' and using eq. (2.22) yields

SF = (¢®0y — i001€0,) F = etp + 20€f — i(00"€)d,z + %oa(aﬂe)aawa,

(2.26)
which gives the transformations of the component fields
9Pz = ep
8 Pehy = 2feq — 1(0"€)qOuz (2.27)

o f = L (@ap)ote).

N | =
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This is the starting point in the Wess-Zumino model, where eqs. (2.27) are
obtained by the general transformation rule

§°°™P (scalar field) = OS2 (spinor field)

: (2.28)
d°™P (spinor field) = O®P"M (scalar field),

and the O are two spin—% operators containing an infinitesimal spinorial param-
eter €. One finds in (four-component notation) that

z z
[0777P, 857" [ ¢ | = —2i(eav"en)du | ¥ |, (2.29)
f f

(compare with eq. (2.11)). The ¢ fields describe spin-% particles and the scalar
fields z their supersymmetric partners (scalar fermions or sfermions). The
scalar fields f are so-called auziliary fields, used to close the algebra off-shell,
i.e. when the spinor 1 doesn’t satisfy the equation of motion (iy#9, —m) = 0.
The f have algebraic equations of motion, do not propagate and do not bring
new on-shell degrees of freedom.

It is always possible to construct a superfield corresponding to a component
supermultiplet, by starting with any member of the multiplet and acting on it
with the transformation (2.24) iteratively until the multiplet is closed

F=z+6z+0%2+... (2.30)

Superfields encompass supermultiplets in a very natural manner and give a
straightforward recipe for the generation of new representations of SUSY from
old ones, because linear combinations of superfields are again superfields and
similarly, products of superfields are again superfields. A general superfield
F' consists of nine component fields, which form a reducible representation.
It is possible to eliminate the redundant components by imposing covariant
constraints of the form DF = 0 or DF = 0, where D and D are covariant
derivatives. These constraints solely reduce the number of components in a
superfield and have no dynamical content. So the superfield formalism shifts
the problem of finding SUSY representations to that of finding appropriate
constraints. The covariant derivatives are constructed to transform covariantly
under supersymmetric transformations

Do (6F) = §(DoF) and Dg(6F) = §(DsF), (2.31)
which corresponds to
{Qa, D} = {Q4:Dp} = {Qa, D} = {Qa, Dy} = 0. (2.32)
The covariant derivatives satisfying eqgs. (2.32) are

Do = 0o — i(0")0a0%0,

o= 2.33
D = B — i0%(0")ag 0, (2:33)
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Comparing with eqs. (2.17) one finds that Q!, = —iD,, Q' = iDs and that

{Daa ﬁd} = _2i(0u)adau

{Da» D} = {Da, D} = 0. (2.34)

This definition of the covariant derivatives can be viewed as a natural general-
ization of the derivatives J,, 0o and 9, to the superfield formalism. Note that
OuF, Do F and Dy F' are still superfields, whereas 0o F' and 0 F' are not. One
also finds that D> = D3 = 0.

2.3.3 Chiral Superfields

Chiral superfields are defined by the condition
Dsp = 0. (2.35)

This constraint is easily solved in terms of the coordinates y* = z* — i@o*8,
by noting that Dgy* = Dgf = 0. Thus a chiral superfield is a function of y and
0 only:

d(y,0) = z(y) + V209 (y) — 001 (v). (2.36)

The factors v/2 and —1 are introduced by convention. ¢ contains a complex
scalar field z, a left-handed Weyl spinor 1, and a second complex scalar field
f. This defines the chiral multiplet (2,1, f). One can expand ¢ around z:

b(x,0,0) =2(z) + V204 (x) — 00f (z) — i(00"0)D,2(x)

+ ioo(a P(z)ohf) — L goaaomo (x) (2:37)
\/i 17 xr)o 4 'UZ xT).
The supersymmetric differential operators expressed in terms of y, # and 6 are
Qa = —10,
_ (2.38)

Qu = =i (0 — 20045 )

For the superfield ¢! with the constraint Do¢’ = 0 and §# := z* + i6c*8, the
corresponding equations are

¢'(7,0) =2*(7) + V209 () — 00f*(7)
¢'(x,0,0) =2" (z) + V209(z) — 00" (z) + i(00"8)0,2" (x) (2.39)

- Léé( 00"8,3(z)) — ieeééa“auz* (2),

NI

and in terms of ¢, # and @ the operators are

Q= =i (00 +21(0"D)a )

“ ogH (2.40)
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The components of ¢ transform as (compare with egs. (2.27))
6z =V 2et)
5o = —V2feq — V2i(0") a0,z (2.41)
5f = —V2i(8,9a"e).

Note that f transforms into a total derivative under 6. It is possible to define
the components of a chiral superfield ¢ using

Plo_p_0 =%
Daﬁb‘a:é:o = "/Ja (2'42)
DDdlg—g—o = [-

Note that DD acts as a chiral projection operator.
If ¢ is a chiral superfield, then ¢ is also a chiral superfield. A real constant
¢ can also be considered as a chiral superfield.

2.3.4 Vector Superfields

Vector superfields are real superfields:
V(z,0,0) =V(z,0,0). (2.43)
Their power series expansion reads
V(z,0,0) =C(z) + i0x(z) — i0x(z) + 05" 0v,(z)

N %QG[M(;U) +iN(z)] - %éé[M(a:) —iN(2)]

B Z, B . 2.44
+1096[A(z) + 5 dux(x)0"] — 060\ (z) — 50" Fux(2)] )
+ %99§§[D($) - %8“8”0(:1:)].

This defines a vector multiplet containing 8 bosons (the real scalars C, D, M, N
and the four components of v,) and 8 fermions (the two-component spinors x,
and A,). The special form of eq. (2.44) allows the introduction of a supersym-
metric gauge transformation®

VoV+o+eh (2.45)
where ¢ is a chiral superfield. One finds that under this gauge transformation
C — C + 2Re(z)
X = X — V2§
X — X+ V29
M +iN - M +iN + 2if

vy = vy — 10, (2 — 27%)
A=A
A=A

D — D.

(2.46)

8See section 2.4.
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It is possible to eliminate C, M, N, x and one component of v, with an appropri-
ate choice of the chiral superfield ¢, i.e. by choosing z, %, f. This gauge, called
Wess-Zumino gauge, reduces the vector multiplet to (v, A, A, D), which con-
tains four bosons and four fermions. In supersymmetric gauge theories v, will
correspond to the (vector) gauge bosons, A to their supersymmetric partners,
called gauginos® and the scalars D are again auxiliary fields. The components
transform as

Svy, = i€t X — iAot e + Oy xe + €0, x

1
0A =1iDe — - (0"5"€) (v, — Oyvy)
7 2 ) (2.47)
0\ = —iDe — 5(0“5”%)((%1},, — 0yvy)

6D = ea” O\ + I, \o"E.

Again the auxiliary field D transforms into a total derivative.
Powers of V' are also vector superfields and in the Wess-Zumino gauge one
finds:

Vv = 00™Bv, + i900) — 600X + %eaéép
_ _ 1 o
Vivz = (05"0)(05"0)v,0, = 500000", (2.48)

Vv?/ZZO, 'n/23

2.4 Supersymmetric Gauge Theories

2.4.1 The Supersymmetric Lagrangian

In order to obtain supersymmetric Lagrangians from superfields, one needs to
recall the transformation law for superfields under supersymmetric transfor-
mations, eq. (2.24): 6F = i(eQ + €Q)F. The 68600 component of §F results
from the eauéﬁu part of eQ acting on the 006 component of F, respectively the
Oot€d,, part of €Q acting on the #90 component of F. So the 8660 components
of a superfield always transform with a total derivative; they are taken to be the
supersymmetric Lagrangian. The corresponding action will be invariant under
supersymmetric transformations, because all terms with derivatives vanish after
integration over d*z.

Chiral Superfields

For chiral superfields ¢,, the 860 components transform like a total derivative
(eq. (2.27)). The most general supersymmetric Lagrangian for chiral multiplets
is of the form

L= lantnlgy + h.c., (2.49)

n>1

9Sometimes the two-component spinors A and X are combined to form a single four-
component Majorana spinor also denoted by A.
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where [...]gy indicates that only the 80 component is retained. The linear term
(n = 1) will only be included for spontaneous breaking of SUSY (see section
3.1). All terms with powers n > 4 are dropped, because they lead to non
renormalizable field theories. The quadratic terms have a mass-coupling and
the cubic terms a dimensionless coupling. They are combined into

W(¢) == %mij¢i¢j + %)\z’jkﬁbid’j(ﬁka (2.50)

where the function W is called superpotential'® and depends only on ¢; and
not on qS}L.H Its 86 component reads

W(di)log = — %mij(zz’fj + 2 fi + i)

1
- g)\ijk(zizjfk + zj2k fi + 2kzi fj + 2zihion + 2j0Rs + 2pbinh;).
(2.51)

Up to now no terms containing derivatives of the fields (i.e. kinetic terms)

have been found. They can only be constructed from ng}ngi, which is not a chiral
superfield. The 8060 component is

LY = (¢ bilgogs =17 i + (0u2i) (0" 7)) + % (ic" (Bupi) — (Ouipi)o*ebi)
— i@u(zia“zf + z; 0" z;).
(2.52)

The last term is a derivative and will be dropped. The most general renormal-
izable supersymmetric Lagrangian involving only chiral superfields is

LM = L + [W(¢)]os + DV (¢")]g5- (2.53)

Using integrals over superspace (see appendix D) eq. (2.53) can be recast:
L = / d20d%G¢} p; + / d*OW () + / d2OW(gh). (2.54)

The auxiliary fields f can be eliminated from £ by virtue of their equation of
motion, i.e. by varying the Lagrangian with respect to f

o [’ch
of

The component form of the Lagrangian is then

=0 Sl fz* = m;jz; + )\,-jkzjzk. (2.55)

Lot =(0uz) (0"27) + % (ic* (Outbs) — (Outpi)o*4hs) — %mij(¢i¢j + ;)

— Nijk2iWithn — Njrzi bk =V,
(2.56)

'"Note that the computation of ¢;¢; and ¢i$;dr should be done in the z,6, 6 variables.
1The superpotential for ¢ is denoted by W.
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where the scalar potential V was introduced

V= Z‘ 82,

and m;; was taken to be real. The fermion mass terms and the Yukawa couplings
can be expressed as

= Z |mijzj + )\iijjZk|2, (257)
7

1 1 - -
—(Emij%?ﬁj + Nijkzitjr + —mij¢i¢j + Akzi 0ite)
1 2W(2) 1 6°W(z*) (2.58)

=72 omon, VYT 270, 102; “raa Vi

Vector Superfields

The vector multiplet contains the necessary fields to construct gauge theories.
There exists however the same problem as in the case with chiral superfields,
namely the impossibility of generating kinetic terms from the vector superfields
V — compare with egs. (2.48). They can be obtained by acting on V' with the
covariant derivatives. The required form for the kinetic terms comes from the
chiral superfields

1 __

Wa = —7(DD)DaV
e (2.59)

Wi =~ (DD)DsV.

Both W, and W are gauge invariant under the transformation (2.45). In the
Wess-Zumino gauge and using the variables y, 6 and ¢, 6 they read

Wa = —ida(y) + 0aD(y) + £(00°6")oFu(y) — 00 (6" 0,A()).,

N

(2.60)

.

Wa =iXa(§) +0aD(§) — 5(0"5"0)aFu (5) — 00 (9uA(H)o™),

N

where the field strengths are

Fuu(y) = 00 (y) — o (y)- (2.61)

The supersymmetric gauge invariant Lagrangian involving only vector super-
fields is found to be

1 1 — —
E'uect — Z[WaWa]He + Z[WdWa]éé
; B B 1 1 (2.62)
= 5(A"(9ud) = (BuA)oX) + 5D2 = ",
where

_ 1 ;
[WWalgo = 207" 0\ + D = S Fu F* ~ ie““’”FwFpa. (2.63)

In order to obtain the last relation eq. (D.26) was used.
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2.4.2 Supersymmetric Gauge Theories

In a next step the gauge invariant interactions of chiral and vector multiplets
is considered. This will be a generalization of the formalism of gauge theories
to SUSY and will give rise to the most general renormalizable supersymmetric
gauge theory, describing the interactions of a set of chiral superfields ¢’ and a
set of vector superfields V. As in the case of non supersymmetric theories, the
¢* transform according to an arbitrary representation N of the gauge group G
and the V® belong to the adjoint representation of G, where ¢ = 1,...,dim G.

Under global transformations of the symmetry group G, the chiral super-
fields transform as (see eq. (B.24))

¢Ii — (eiAa’Ta)i ) ¢]’ (2.64)
or infinitesimally,
5¢" = iA*(T*)";¢7. (2.65)

The matrices T are the hermitian generators of G in the representation N,
defined by the chiral superfields ¢. The transformation parameters A% are
real constants, i.e. chiral superfields. So eq. (2.64) is a superfield equation.
The Lagrangian for the chiral multiplet £* (eqs. (2.53) or (2.54)) contains
two terms, £ and W. The kinetic terms are naturally invariant under the
transformations (2.64), because ¢! — ¢lexp(—iA®T?). The requirement of
invariance of the superpotential imposes constraints on the individual terms
comprising it, i.e. they must be independantly invariant.

If one wants to gauge the transformation (2.64), a few disorders have to be
remedied. The local transformation parameters A%(z) are no longer superfields
and have to be promoted to chiral superfields in order for the ¢ to remain
chiral superfields. This changes the transformation law for qﬁ;-r to

#f = o) (e | (2.66)

1

which destroys the invariance of £¥¥". To restore gauge invariance it is necessary
to introduce vector superfields V. This situation is totally analogous to non
supersymmetric gauge theories, where gauge fields are introduce to reinstate
(local) invariance. Gauge invariance is restored by requiring the transformation
law for " to be

eV — e eVe A, (2.67)
and by redefining
kin _ [ 12022504tV 4y _ [tV
chin / Pod0(gte”9) = [¢'eVg| . (2.68)
where the matrix notation

A,’j = AaT'i(;-, V;] = Vafl—g;' (269)



2.4. SUPERSYMMETRIC GAUGE THEORIES 17

was used and the indices omitted. The transformation (2.67) corresponds to an
infinitesimal transformation

8V = —i(A — A, (2.70)

which is a gauge transformation in the spirit of eq. (2.45). So the Wess-Zumino
gauge is a choice of local gauge in supersymmetric gauge theories. Then the
kinetic terms are

[#1(");07]

0660 :(D“Z')f(puz)i + %(wiau(?uqﬁ)i - (Diﬂp)i"“ﬁi) + fi*fi

+ ﬁwixa)(w)zzﬂ' - éz;‘(T“)ij(A“W)
Do ()},
(2.71)

with the covariant derivatives

(Dyz)i = 8,7 + %(T“)ijzjvfj
: (2.72)

(Dut)! = 9t + 5 (T3 v}

Having solved all the difficulties for £, the next step is to consider the
kinetic terms for the vector superfields, i.e. the chiral superfields W, and W .
They are also no longer invariant under the gauge transformations (2.67) if
the gauge group is non-Abelian ([A, V] # 0). The correct generalizations are
obtained by the redefinition

1__
W, = —ZDDe_VDaeV (2.73a)
__ 1 _
We = —ZD’De_V’DdeV. (2.73b)

The transformations are

Wy — e_iAWaeiA

— o 2.74
Wes — e_ZAWdelA. ( )

In the Wess-Zumino gauge and using the matrix notation
vy = v, T A= AT, D = D*T*, (2.75)

eq. (2.73a) reads
. [ v N
Wa = ~ida(y) + 6aD(y) + 5 (005" )aFu(y) ~ 00 ("DuA(w),,,  (276)
where the field strengths and covariant derivatives are taken to be
F,, = 0yv, — Oyv, + %[vu, vy ]

- (2.77)
DA = 0,2% + Slo, A7,
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The hermitian generators 7%, taken in the adjoint representation, are normal-
ized as

tr(T9T°) = k6%, k> 0. (2.78)
With this convention, the structure constants f°¢
[T%, T = i fabeTe (2.79)
are totally antisymmetric. In component form egs. (2.77) read

FS, = 0,08 — 008 — fabc il
i ) (2.80)
DA = 0" — 3 f“bcfuZAc.

Coupling constants g are introduced by rescaling V' — 2gV. One then has

uv+ po
(2.81)

. 1
tr[W W, lgg = 49°k (Qi)\“a“(Du)\)“ +D°D* — S Fy, FO — 45“"PUF“ F° > ,

where the trace is taken over the gauge group indices. The invariant kinetic
Lagrangian involving the vector multiplet reads

1 _
cueet — (tx W Woloo + te[W 377155

T l6gts ’ (2.82)
= L(N0H(DA)" — (DuA)0#A) + L DD" — L Fl, FOH.
The complete supersymmetric gauge invariant Lagrangian is then
Lo = L5 + £yt = [gl@Y) 7] A V(@)oo + DV ])]ag 2
+ 2 6;% (tr[WaWa]ga +tr[Wde]9—,;> , (283)

or in components
L35y (D)} (DH2)' + (WM (D) — (Dyt) o™ + f
+iV2g (P X) (1) 27 — iv/2g2F (T, (A% 7) + gD 2 (T)27

LPWER) o 10PW(E) W) . W) .
28z’3z7¢¢ 28*6*1/]1% o7 1~ dzr
i a y\a a a Na a a, u
+§A Uu(DuA) — E(ID“A) O'MA + = D _D — ZFNVF K
(2.84)
with
(Duz)Z o' —I—zg(T“) Z
D) L ig(T) apdy
( H¢) ;ﬂﬁ g( \ )bqp 17 (285)
(’Du/\)“ OuA* — gf“ Cv A6

a __ abc, b, c
Fj, = 0yv, — Oyvy, — gf v, 0p.
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The equations of motion of the auxiliary fields f* and D® are
oL OW(=F)
aft 0z
oL
oDe
When substituted into the Lagrangian one finds

Ly =(Du2)} (D"2)' + 59 (Dyp); — 5 (Dyp) o4
+ V(A (T2 — iv/2g2] <Ta> (A7)
+ ixaau(p N~ E(D N)%oHA — ZF;;,,FW

1WW() 1°W(z)
2 021027 2 0zf0z *

=0 < fr= (2.86a)

=0 << D"=—gz} (T} (2.86b)

(2.87)

A W = S iy — V(2 7)),

where the scalar potential is
, 1
_ 1|2 a\2
-3 £ S0
a
_ 1, *(TaYi ,i)? > 0
Z o | 590> ) >0
a

and (with no summation 1mp11ed)

W(¢) == %mij(f’i(/’j + %)\ijkfisifﬁj(ﬁk- (2.89)

(2.88)

2.5 Renormalization

In considering radiative (loop) corrections, supersymmetric gauge theories d-
iffer greatly from ordinary renormalizable field theories. This is due to the
fact that many divergences usually present in non supersymmetric theories are
canceled.!?

The mechanisms of renormalization are those of any quantum field theo-
ry: The unobservable divergences are absorbed into renormalization constants.
This must be performed for the (chiral and vector) superfields, the Yukawa
couplings and the mass parameters of the superpotential and for the gauge
couplings:

Z1/2yi
( ) ren)
1/2 b
( )a V(ren)

1\ 1
= (2N, (2.90)
= (Z)Yimigy™ = bm]
= (7y'*)

ren)

12An example of this effect was given in chapter 1, where the quadratic divergences as-
sociated with the scalar (Higgs) masses got canceled, solving the hierarchy problem of the
SM.
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The Lagrangian is then expressed in terms of the renormalized quantities and
recast in a way, such that all the infinities are collected in so called counter
terms

L= »Cren + »Cc.t.- (2-91)

There is however a theorem in supersymmetric gauge theories — called ‘non-
renormalization theorem’ — with far-reaching consequences:

e The parameters of the superpotential are not renormalized by higher-loop
corrections. They receive no contribution at all, not even finite ones. This

means that
(Z)) e = 6l5m8]
(Zm)if" = 66" (2.92)
5mij = O,
and

Nijk¢' D7 8 (reny = Aijud’d? ¢ (2.93)
[mij¢z¢]](ren) = mij¢z¢]-

e Only the wave-function renormalization constants Zy and Zy survive and
are logarithmically divergent. Thus SUSY has no quadratic divergences.

e At any order in perturbation theory one gets a cancellation of the terms
arising from different Feynman diagrams'®: Every loop diagram has a cor-
responding supersymmetric counterpart, associated with the supersym-
metric particle. Because fermion loops carry a minus sign (Fermi-Dirac
statistic), they cancel the scalar (boson) loops.

e Supersymmetric field theories can be finite to all orders in perturbation
theory.

13The loop integrations are taken over d*kd?0d>6.



Chapter 3

Spontaneous Breaking of
Supersymmetry

The particles observed in nature show no sign of a degeneracy between fermions
and bosons. Hence, SUSY, if it is to be relevant to our reality, must be broken.
The possible implementations are the same as for the SM: The breaking can
be spontaneous or explicit. In the SM the former possibility is chosen, as
described in chapter 1. Explicit breaking would involve the introduction of new
non invariant terms into the Lagrangian. Thus there is no mechanism behind
the breaking and the whole approach seems quite ad hoc. In this chapter two
viable methods of spontaneous SUSY breaking are presented. They however
lead to a model which is not allowed by phenomenology. So one has to resort
to the less satisfactory explicit breaking of SUSY. Recall that SUSY is a global
symmetry. It is natural to ask what the consequences of gauged, i.e. local,
SUSY would be. The answer is profound. One arrives at a new and highly
sophisticated! theory automatically encompassing gravity, called supergravity?
(SUGRA). Within this theory, ordinary SUSY is an effective theory resulting at
low energies. Thus the origin of the explicit SUSY breaking terms is explained.

3.1 The Problem of Supersymmetry Breaking

The breaking of a symmetry is always related to the scalar potential and the
VEV’s of the fields. For SUSY the scalar potential is given in eq. (2.88) and
only scalar fields can have non zero VEV’s, < z* > # 0, resulting in spontaneous
breaking of gauge symmetry and the Higgs mechanism. Recall from section 2.2
that the vacuum energy <V > is greater than or equal to zero. The vacuum
state |2> is supersymmetric (i.e. is invariant under SUSY) if

Qa|2>=Ql|0>=0, (3.1)

!This is unfortunately also the case for the formalism, which is — prohibitively — complex.
2See appendix F for some general remarks on supergravity and unification.

21
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in which case the (supersymmetric) vacuum has zero energy. In order for SUSY
to be spontaneously broken, the vacuum energy

. 1
V>=<f'fi> +5 <D*D*>, (3.2)
must be positive. This is achieved with
<f'>#0  and/or <D®>#0. (3.3)

Note that as a consequence, for broken SUSY, the transformations of eqs. (2.41)
and (2.47) now read

<FPi> = —V2<fi>e#£0

. (3.4)
<ON'> =i<D> e #0.

There are two models related to these realization of SUSY breaking.

1. D-type breaking or the Fayet-Iliopoulos mechanism: The idea is, that if the
theory has an Abelian U(1) gauge invariance, then the Lagrangian can
include a term linear in the gauge superfield V, called Fayet-Iliopoulos
term: Lrr = g).,&% [V pgg5- This introduces a new D-term into the
overall Lagrangian of the form [Vj}, ;14955 = (1/2)D®. The new equation
of motion reads

D" = —g(# (T%)';2" +¢°), (3.5)
so <D%> #£ 0 is always possible for < z*> = 0.

2. F-type breaking or the O’Raifeartaigh model: It involves the introduction
of a linear term? a;¢’ in the superpotential W. This generates new f-terms
in the scalar potential. The minimal equations for V, with the assumption
< D%>= 0, forces them to have non zero VEV’s. The situation can be
characterized as follows

<#Z'>#0 and <f'>=0 breaks gauge symmetry,
<z'>=0 and <f'># 0 breaks SUSY,
<z'>+#0 and <f'>+#0 breaks both symmetries.

The problem of spontaneous breaking of SUSY is related to the existence of
a so called mass formula relating the scalar, fermion and boson masses. This
mass formula is a feature of supersymmetric theories and is valid for all possible
vacua, breaking or non-breaking. It reads

Str M? := 3tr M3 — 2tr M%ﬂ +tr M3 =0, (3.6)

where M2, Mf /2 and M3 are respectively the squared mass matrices of the
spin 1, 1/2 (two-component spinors) and 0 (real scalars) fields of the theory. Eq.

3This contribution must be invariant under the gauge group of the theory to allow for a
supersymmetric gauge invariant model. Thus ¢* must be invariant, i.e. a gauge singlet.
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(3.6) is however badly broken phenomenologically, because the boson masses
cannot be sufficiently heavier than the fermion masses. To resolve this dilemma,
one has to resort to the explicit breaking of SUSY. The new terms introduced
into the supersymmetric Lagrangian should be checked for their renormalization
properties. In order for the hierarchy problem to remain solved, the breaking
terms should not introduce quadratic divergences. They are called soft breaking
terms and involve scalar mass terms of the form 2}z%, (2°27 + 2} z}“) and gaugino
mass terms A?. Their form? is calculated in ref. [7]
. 1 . y

Lsopr =(M)2'25 + 5[(1)ijz"2" + (u7)7 2 7] 37

+ %[A“”Xl)\b + AN,

3.2 Supersymmetry Breaking and Supergravity

As mentioned above, the mechanism of spontaneous SUSY breaking can only be
allowed to occur, if SUSY is itself a local symmetry and is thus put onto equal
footing with the (internal) gauge symmetries. When the Goldstone theorem
is applied to spontaneous SUSY breaking, it will produce the usual Goldstone
bosons but in addition also their supersymmetric fermionic partners, the Gold-
stinos. The Higgs mechanism for the Goldstone bosons is analogous to the SM
case, but now also the gauginos can be gauged away, giving mass to some, as
yet, unspecified particle. In order to continue the discussion of this so called
super-Higgs effect, the theory of supergravity should be (very briefly) explored.

3.2.1 Elements of Supergravity

The discussion will be limited to four-dimensional N = 1 SUGRA. Ref. [8] gives
a very thorough introduction to the required formalism of curved superspace.
The superspace coordinates are denoted by z = (z,6,0). As in the case of
curved four dimensional space-time, two sets of indices are needed to specify
local Lorentz frames and general coordinate frames.® The Lorentz indices are
denoted by A, B, ..., and transform under the structure group, i. e. the Lorentz
group. A Lorentz index contains the four-vector index a and the spinor indices
« and ¢&. The Einstein indices M, N, ... transform under general coordinate
transformations (GCT) and contain the components m, y and . The relation
of the two coordinate systems is given by the vielbein F AM . This specifies the
geometry of superspace. Physics enters through the hypothesis of invariance
of the physical laws under general coordinate transformations® 2/ = M 4+
¢M(2) and local Lorentz transformations (LLT), i.e. rotations of the vielbein
EM = 5,8 + LBEM. The ¢ parameterize the GCT and the Lorentz

generators L ,® have three irreducible components, L, L ﬂa and L d’B . The £ can

“Here the most general SU(2) ® U(1) invariant form is presented and will be used later in
chapter 4. The most general soft breaking terms are not considered.

5A fact related to the equivalence principle of general relativity, which states, that at every
point in space-time a local inertial coordinate system can be set up.

5These are now local supersymmetric transformation. Compare with egs. (2.14).
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also be written with Lorentz indices using the inverse vielbein, ¢4 = E’M“&M .
Note that both ¢ and L2 are functions of superspace, i.e. are superfields
containing various component fields. Their lowest superfield components § =
6 = 0 are, respectively, z-space GCT ¢™(z), gauged z-space supersymmetry
transformations ¢*(z), £#(z) and z-space LLT L2(x). Every component of the
vielbein is also a superfield. Using a special combination of GCT and LLT (i.e.
choosing a special gauge), it is possible to eliminate some of the component
fields of E M. The lowest superfield components are then

e(:”(gv) _%1)0(1“(:5) _%"Zaﬂ(w)
E(2)|gge0 = 8 565‘ 50ﬂ : (3.8)

These remaining fields describe the spin-2 graviton (e)") and the spin—% grav-
itino (¢',14"). Above procedure can also be applied to the connection ¢,, &
(tensor valued 1-form defined by Cartans first structural equation) and the

resulting non-zero component fields are

¢mAB(z)|9:§:0 =: wmAB(x)' (39)

As in the case of general relativity, it is possible to express w,, AB(a:) in terms
of the vielbein, i.e. as a function of ¢/™(x) and %{'(z), thus identifying these
fields as the dynamical variables of the theory. The torsion T is defined as the
covariant derivative of the vielbein and the curvature tensor is given in terms
of the connection by virtue of Cartans second structural equation

R=dp+ A (3.10)

It is a tensor valued 2-form. The number of components in the torsion and
curvature is very large and a set of special constraints is required to reduce it.
The torsion and the curvature also satisfy Bianchi identities. One has to solve
these identities subject to the constraints to find the reduced set of fields. The
result is, that all components of the torsion and curvature can be expressed in
terms of three superfields: a chiral superfield S, a hermitian vector superfield
Gog and a chiral superfield W,g,. The lowest components of W,g, can be
expressed in terms of e,2, 4,% and ¢,,¢. This is however not possible for S and
Gag, so their lowest components define two additional fields M (z) (complex
scalar field) and b,,(z) (real vector field). These two new fields turn out to
be the auxiliary fields. The SUGRA multiplet is then (e, 1,4, M,b). Besides
the SUGRA multiplet, one needs to introduce the matter fields. In curved
superspace the condition of a chiral superfield is

Dy® = 0. (3.11)
The new curved-space covariant derivatives are defined as

DyUA = oy UA + (-1)/MDIB)g AyB

3.12
DpUA = EM Dy U4, (3.12)
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where Dy = (D4, Da,Ds) and U represents an arbitrary tensor field carrying
Lorentz indices and

0, for vector indices;
f= { 1, for spinor indices. (3.13)
The components of ¢ are defined in analogy to egs. (2.42)
A= (I)|0:0":0
1
= — Dod|,_;
Xa 2 e lo=g—0 (3.14)

1
F=—7D*Da®lp_jmy,

and carry Lorentz indices. New fermionic coordinates ©¢ are introduced, such
that the expansion coefficients of chiral superfields are precisely the covariant
components, i.e.

® = A(z) + V20%o(z) + OO F (). (3.15)

The O coordinates are called chiral superspace coordinates. For the construction
of the chiral superfield W, from the vector superfields V' one generalizes eq.
(2.42)

1 - _. - 1
W, = —Z(DdDa —8R)D,V, Wy = 1

(D*D, — 8R)D4V, (3.16)
where (DD — 8R) and (DD — 8R') are the curved superspace chiral projection
operators.

The next step is to construct the Lagrangians. The invariant SUGRA La-
grangian is

Lsucra = —%/dZG)@@R + h.c. (3.17)

The gravitational coupling k2 = 87G is set to one. The so called chiral density
& is needed for chiral Lagrangians to be invariant. R and & can be expanded
in terms of ©® and their components are functions of the SUGRA multiplet.
Inserting these expressions into eq. (3.17) yields

1 1 1
Lsugra = — —eZ — —eM*M + —eb®b,
2 3 3
1 o o (3.18)
+ Eeeklmn(¢k6lpm¢n — k01 Dmthn),
where e is the determinant of the vielbein component e,% and Z is the scalar
curvature
B = el'e)™ (0w, — Omw,™ + W, Wl — W, W) (3.19)

The covariant derivative is defined as

75”¢ma = anwma + qpmﬂwnﬂa' (320)
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From eq. (3.18) one can see that Lsygra contains the Einstein Lagrangian for
the gravitational field. It also contains a kinetic (Rarita-Schwinger) term for the
spin—% gravitino. A curved superspace generalization of the chiral Lagrangian in
eq. (2.54) is considered next. The kinetic term can be recast using [ d>0d*6 =
J d*6(—1/8)DD. The replacements

0 —0©, d’—d*e2&6, DD — (DD-S8R), (3.21)

give the required curved superspace form. Lgsygra is then added, yielding the
chiral SUGRA Lagrangian for the matter multiplet. It can be written in the
form

1 _
L pa = /d2®2<§ (—g(DD — 8R)Q(®,d1) + P(<I>)> +he, (322

where Q(®, d") = @}L(bi + ¢;®; + cf@} — 3 is the superspace kinetic energy,
and P(®) =d + a;®; + (1/2)m;; ®;®; + (1/3)Aijx P; PPy, is the superpotential.
The ¢ and d terms arise from shifts in the superfields ®. They are zero in flat
superspace. The most general chiral SUGRA Lagrangian is of the form

L- % / 2028 (g(@f) _ 8R) exp [_%QK@, @T)] + HQP(q))) he.,
(3.23)

where K(®,®") is a hermitian function of the superfields, called the Kdhler
potential, and P(®) is the superpotential. An expansion in k2 includes the
terms Lsygra and Eg’}]GRAa for K = Q.

The construction of invariant models is very technical and lengthy.” The
form of the scalar potential is however quite straight-forward.

3.2.2 The Super-Higgs Effect and the Effective Low-Energy La-
grangian

The most general gauge invariant SUGRA Lagrangian ,C%‘é;G R4 contains a scalar
potential of the form

V=% (GG - 3), (3.24)
and a gravitino mass term
—e D (a0 oy + Pa0 ™), (3.25)
where G = K + logP + logP! is the shifted Kihler potential and
§ 1= g;, t = é%. (3.26)

"The most general gauge invariant SUGRA Lagrangian written in terms of the component
fields fills two pages in ref. [8].



3.2. SUPERSYMMETRY BREAKING AND SUPERGRAVITY 27

The exponential factor arises from the (Weyl) rescaling of the e, ¢ fields, required
to bring the Einstein Lagrangian contained in /.',%';]'G R4 into the canonical form.
This rescaling also implies a redefinition of the fermion fields. In order for the
scalar potential of eq. (3.24) to be comparable with the SUSY scalar potential
one chooses

i , (3.27)

T&i

PP
G(®,d") = ﬁ + log

M3

where W is the superpotential of section 2.4 and the gravitational coupling is
reintroduced

M:=x"1= % (3.28)
With this choice the scalar potential is
oiot\ [low ew| 3,
V = exp ( e > 750 tae| ~ W\VW . (3.29)

In the large-M limit this reduces to the scalar potential of global SUSY.

Minimizing the most general scalar potential of eq. (3.24) at non zero
VEV’s of the scalar components A’ gives a condition for the VEV of the Kéhler
potential

<G>#0, (3.30)
which spontaneously breaks SUSY and the gravitino acquires a mass
My =<e%/?> (3.31)

This is the Higgs mechanism for fermions, the super-Higgs effect. Local SUSY is
spontaneously broken and the previously massless gravitinos (gauginos) acquire
a mass, their extra polarization degrees of freedom being supplied by absorption
of the Goldstinos associated with the breaking of SUSY. The gravitino mass
is also associated with the cosmological constant A®S, which can be said to
represent the vacuum energy of the universe. In SUGRA either the gravitino is
massless and the appearance of its mass term is due to the cosmological constant
being non zero, or one sets A = 0 and the physical mass of the gravitino is
obtained. The latter viewpoint states, that in spontaneously broken local SUSY
it is possible to have zero vacuum energy <V >. An example of this can be
seen in eq. (3.29), where the negative contributions allow the scalar potential
to be zero. Recall that with broken global SUSY, <V > is always positive.
Note that the local supersymmetric scalar potential of eq. (3.29) differs from
the global version due to additional terms related to the gravitational coupling
k = 1/M. At low energy physics their effect is negligible unless some of the
scalar fields A° take VEV’s that are O(M). These fields are said to belong to
the so called ‘hidden sector’. An example of spontaneous symmetry breaking in
the hidden sector is given in the Polonyi model. This is the simplest realization
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of the super-Higgs effect. The model comprises only one chiral multiplet and
the superpotential is

Wh(A) = m?(A + p), (3.32)

where A is the scalar field in the hidden sector and 3 is a model-dependent
parameter. From eq. (3.29) the scalar potential becomes

Al m2(A+ B)A* | 3m*
VP = exp (|M—|2> {‘mZ—i— (Mzﬁ) - |A+8]*;. (3.33)

The condition of a zero cosmological constant is imposed, so <V >= 0. The
corresponding minimum constraints are

A=(V/3-1)M and B=(2-V3)M. (3.34)

Inserting these values into egs. (3.27) and (3.31) yields

2
me (o_
m3/2 = MC(Q \/?:) (335)
In a next step the model is enlarged to include observable light scalars, denoted
by z*, with masses m,; < M, which are required by low energy phenomenology.
The superpotential gets a new term from this ‘observable sector’

W(A, 7') = Wh(A) + W,(2)). (3.36)

This expression is again inserted into eq. (3.29) and yields the scalar potential
9, which is then minimized ensuring that A is zero. A gravitino mass term is
found similar to that in eq. (3.35), with additional model-dependent constants.

If one considers a low energy effective theory in the limit M — oo (i.e. with
gravity decoupled) but mg3/; < M held fixed, then one receives an effective
scalar potential of the form

VoV =Va+Vo+V, (3.37)

where V), contains model-dependent terms and can be identified as the cosmo-
logical constant of the theory, V, is the usual scalar potential of global SUSY
with the superpotential W,. One finds that V' contains soft breaking terms for
the light scalars z*. Thus

EZ’;fGRA = Lsusy — Vsoft, (3.38)

meaning that the spontaneous breaking of SUGRA manifests itself at low en-
ergies only in the appearance of explicit soft breaking terms. The resulting
(gravitationally induced) mass for the light scalars is m3/, and therefore squark-
s and sleptons are split from their known superpartners. The gravitino mass
gives the scale of SUSY breaking and can be maximally mg/, = 1 [TeV]. The
intermediate scale of the mass parameter m of the hidden sector is then

m = \/Mmgys ~ 10" [GeV]. (3.39)



Chapter 4

Phenomenology of
Supersymmetry

Up to now only the theoretical details of SUSY have been discussed. In order
to have a phenomenology of SUSY it is necessary to build a supersymmetric
theory, containing the SM fermions and bosons. In this model the Higgs sector
of the SM will receive important modifications.

4.1 The Minimal Supersymmetric Standard Model

In nature no evidence for the existence of supersymmetric particles has been
found. So the particle content of the MSSM must be doubled. The gauge
bosons are partnered by gauginos, the fermions by sfermions. The superfields,
their components and their SU(3)¢ ® SU(2);, ® U(1)y quantum numbers are
given in tables 4.1 and 4.2. The Lagrangian for the MSSM will be constructed

Table 4.1: MSSM matter fields for one generation: Left-handed squark and
quark doublets, left-handed up and down antisquarks and antiquarks, left-
handed slepton and lepton doublets, left-handed antisleptons and antileptons.

Superfield Component fields Quantum number
z ur,

Q 2Q = ( u)aqL: ( ) (3725 %)
Zd dr,

Ue¢ 2{, uf, (3,1, —%)

De Zp, df, (3,1,3)

L == " (1,2,-1)
Ze er

E¢ 25, ef (1,1,2)

29
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Table 4.2: MSSM gauge fields: Winos and W-bosons, binos and B-bosons,
gluinos and gluons. Additional physical gauge bosons are the photinos and the
photons, the zinos and the Z-bosons (see footnote on page 3).

Superfield Component fields Quantum number
w ()\;{,,)\;V,)\%V), (WJ’WJ’WS) (1,3,0)
B AB, By (1,1,0)
G (Agty---, Ags), (Ghy .., GY) (8,1,0)

from eq. (2.83). The gauge transformations of the chiral superfields are
QA _y i3 i e%ml QA
UCA — e_iA“‘e_%iA1 UCA
Df — e_iA3e%iA1Dg4 (4.1)
LA N eiAze—iAl LA
A 2iA1 A
Ef — e“MEZ,

where the index A runs over the quark and lepton generations and all the terms
should carry indices m,n and «, 8 belonging to the colour and isospin space,
respectively. The matrices Aq 23 are defined as

8 2@ 3 ) O'i
a= 1=

Thus the chiral superfields Ag, A% and the A1 parametrize the transformation.
The \® are the Gell-Mann matrices and ¢* the Pauli matrices. In a next step
the vector superfields are introduced, as described in section 2.4.2:

8
Aa
a=

3. (4.3)
Vo = ZVQZ%, for SU(2);,
=1

Vi, for U(1)y.

The vector multiplets V4, V5" and V) correspond to (A%, G%), (X, W)) and
(AB, By), respectively. The chiral supersymmetric gauge invariant Lagrangian
can be put into the following form:

1 —Vazymn —4
£ = (@) ale)™ ()3 (@) g + (U2 o(e™ )™ e 3 (U0

2 _
+ (D] ole )mmesVi (D)0 + (L)) 4 (€"2) %P e V1 (L),

0,

(4.4)
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Note the absence of the superpotential in eq. (4.4). This is due to the fact, that
gauge invariant combinations of the MSSM chiral superfields — as specified in
eq. (2.50) — lead to baryon and lepton number violation and are thus dropped.
The invariant Lagrangian involving the kinetic terms arising from the vector
superfields is constructed with the chiral multiplets defined in egs. (2.73): W
for SU(3)¢, WY for SU(2);, and WY for U(1)y. Thus

) .
EZic_t :@ (tr[W;Wg,p]ag + tr[W3pW§]§é>

1 .
+ 85 (tr[sz Waplog + tr[szW’QJ]éa) (4.5)

1 .
+ 1502 (WEWigloo + 71,7 g5

In the SM, quarks and leptons receive their mass through their Yukawa
couplings to a (Y = 1) Higgs doublet ¢, see eq. (1.2). In order to break
SU(2)r, ® U(1)y gauge symmetry, the VEV for ¢ is taken to be

<>= 7 (v +2L(w)> ’ (46)

see eq. (1.7). This will, however, only generate masses for the lower member of
the fermion doublets, e. g. electrons and down-quarks. The upper components
of the doublets are taken to couple to a Y = —1 field

é= (;’:ﬁ) =02t = (f;_) with <@>= % ('” +é’($)> , (47

where ¢~ := ¢1*. Thus only one Higgs field is needed in the SM. In the
supersymmetric case, Yukawa couplings (for the Higgs fields) arise from the
superpotential W, which is only a function of the chiral superfields, but not of
their complex conjugate. In order to receive mass terms for all the fermions in
the MSSM, one needs two independent Higgs superfield, H and H with quantum
numbers (1,2, —1) and (1,2, +1), respectively. Their scalar components are

2T 20
2g=|H and zgp=|"H|. (4.8)
2% 2y

The allowed' terms in the superpotential generated by Higgs and matter su-
perfield interactions are

W=>" (\PLAHE? + \5PQ HD? + \j°Q HUP + mHH).  (4.9)
A,B

The multiplication of the SU(2); doublet superfields (Q4, LA, H, H) is un-
derstood as €;;(L4) H7 etc. So in the MSSM the Y = 1 Higgs field couples
to up-type fermions, in contrast to the SM. Note the introduction of the mass

!Supersymmetric and SU(2)r x U(1)y gauge invariant.
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parameter m in eq. (4.9). When the Higgs superfields H and H acquire VEV’s,
the fermion mass matrices arise from

MB<H>  MB<H>  MB<H>, (4.10)

exactly as in the SM, and they are still free parameters. The chiral Lagrangian
will also receive additional terms due to the introduction of the Higgs fields.
Noting that

H — ehemthpg H — eth2etthi (4.11)

one finds the contribution to /.‘,;f;-_ of eq. (4.4) of the form

L5 = [(HYa(e") e (H)s + (HN)a(e") eV (H)5] (412

0606

Squarks and sleptons must have large enough masses to make their phe-
nomenology consistent with the absence of any experimental evidence of their
existence. This can be achieved with the (ad hoc) introduction of the soft
breaking terms of eq. (3.7). They are

Lsopt =Y (md)*12417 + (mi)? |26 2 + (mD)? |25 2 + (m)?|21 |2
A
+(m}%)2|z§4|2) +mi|em|? + m%{|zg|2 + /‘%{E(ZHZFI + h.c.)
(4.13)

8 3

1 - = 1 P

+oms SOORG +3838) + Sma D (N, + X%)
a=1 1=1

1 o
+ §m1(>\1)\1 + A1),

containing scalar and gaugino? mass terms.
The complete MSSM Lagrangian is then

Lussu = L5+ [Waaloo + Waa log + L35 + Lsogt- (4.14)

4.2 Analysis of the Higgs Sector

The scalar potential V of the MSSM contains terms arising from the superpo-
tential W and from the auxiliary fields D of the vector multiplets associated
with the SU(2) and U(1)y groups — compare with eq. (2.88). It also receives
contributions from L, ;.

Vumssym = Vsusy + Vsoft- (4.15)

The vacuum of the theory is given by the minimum of the scalar potential. The
VEV’s of squarks and sleptons are taken to be zero, so that colour and lepton
numbers remain unbroken.? Only zy and zz have non zero VEV’s, inducing the

*Recall the footnote on page 13.
3This justifies the elimination of the superpotential (containing only chiral superfields) in
the MSSM Lagrangian.
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correct gauge symmetry breaking. It is thus permissible to limit ones attention
solely on those terms of V associated with the scalar Higgs fields. In this section
the above introduced notation will be abused and the scalar components zg,
zg will be denoted by H, H respectively.

Before the Higgs sector of the MSSM is explored, it will be useful to first
review a general (non supersymmetric) two-Higgs doublet extension of the SM.

4.2.1 A Generic Two-Higgs Doublet Model

Two complex scalar Higgs fields ¢; and ¢9 are introduced. They are SU(2)r,
doublets with hypercharge Y = 1 and have the following components and
VEV’s:

b = ((g)—) and <¢;>= % (3) , 1=1,2. (4.16)

It is possible to chose the phases of the Higgs fields, such that the v; are real
and positive. Eq. (4.16) respects U(1) gy gauge symmetry. The most general
gauge invariant potential is given by

v =m, gl + mbasis — Imladlds + el + Sha(gl)
+ $(8h02)? + Xa(6l1) (Bhd) + (81 2) (Gh) (@.17)
+{326(6182)2 + Aol 1) (8102) + Xe (0h) (81 42) + hc

In most discussions of two-Higgs doublet models, the terms m2,, A5, A\g and A7
are taken to be real. This disregards the possibility of CP-violating effects from
neutral and charged Higgs boson interactions; ref. [13]. In order to suppress
tree-level flavour changing neutral currents — due to specific Higgs-fermion
couplings — one can impose a discrete symmetry* of the form ¢; — —¢1,
setting A\g = A7 = 0; ref. [13]. Actually m2, should also be zero, but one
allows for a soft violation of the discreet symmetry. This results in radiatively
generated flavour changing neutral currents. They are however small enough
to avoid conflict with the experiments.
The physical fields are obtained by rotation of ¢ and ¢o:

$1 = cosf ¢ +sinf ¢
2 = —sinf ¢y + cos by,
thus introducing a new parameter to the model:

tang = 2 or cosfB = Y and sinf = 2 with v := 4/v? + v3.
vy v v
(4.19)

(4.18)

“Note that the Higgs-fermion couplings are model dependent and that the discrete sym-
metry is used to make a (natural) discrimination.
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The new fields have VEV’s < ([;1 >= U/\/§ and < §Z~52 >= 0, as required.
Parametrizing the physical fields (as specified in eq. () on page 3) and choosing
unitary gauge, yields

~ 0 ~ HT
¢1 = %(U—f—ho) and ¢g = %(HO +’iA0) . (4.20)
Of the original eight (scalar) degrees of freedom contained in ¢; and ¢, three
Goldstone bosons are gauged away, providing the longitudinal polarization for
the gauge bosons W+ and Z°. The remaining five degrees of freedom produce
the physical Higgs particles: two neutral scalars h’ and H°, one neutral pseu-
doscalar A° and one charged scalar HT (with two degrees of freedom). Taking
(% into consideration introduces an additional charged Higgs particle H . Thus
H* = —sin(B)¢T + cos(B)¢x. The inverse rotation of eq. (4.18) is:

—sinB HT
"= % [v1 + cosBh® — sinB H® — isinB A”]
(4.21)

_ cosBHT
2 = % [v2 + sinB A + cosB H® + icosp A°] | -
If these values of ¢1 and ¢ are inserted into V and the quadratic terms are
collected, then the masses of the Higgs particles are found. This is, however,
rather cumbersome. General relations for the Higgs masses in terms of the
parameters are calculated in ref. [6]: The mass parameters mi; and maoy can
be eliminated by minimizing the scalar potential and for the pseudoscalar and
charged Higgs states one finds

2m?2 1 A
20 = —2 4225 + —— 4 Mt
A = Gin@2p) ~ 20 (2 + tang T A7EAP ) (4.22)
1
m%{i = mio + 51)2(/\5 — /\4)

The two neutral scalar states have a (non diagonal) squared mass matrix
M3, = m?o sin®B + v2[A1 cos? + 26 sinf cosfB + As sinf]
M2, = m2A0 cos?8 4 v?[Ag sin?B + 2\7 sinf cosf + A5 cos?]

M2, = M3, = —m%o sinf cosB + v2[(A3 + A1) sinB cosB + A cos?B + Azsin’f].

(4.23)
The physical mass eigenstates are obtained by rotating to a new basis
H® = cosa[V2(Re ¢9) — v1] + sina [V2(Re ¢9) — o] (4.24)
B = —sina [V2(Re ¢?9) — v1] + cos a [V'2(Re ¢9) — v3],
introducing a new mixing angle .’ Diagonalizing M? yields
oo = 5 (M4 Myt J MG~ MEP TAMER ). 429

5In the SM the physical mass eigenstates for the Z° bosons and photons and are obtained
by a rotation parametrized by the Weinberg angle fy. Compare with the footnote on page 3.
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By convention mpo < mgo. To summarize, this model has six free parameters:
four Higgs masses, tan 8 and . The SM had only 6y as a free parameter. The
W= boson masses are derived in a manner similar to the SM: substitution of
the VEV’s for ¢; and ¢, into

D1 D ¢l + Do D o, (4.26)

and collection of the quadratic terms in W=*. This yields

1 1
mhy = 23 +d)g” = ;7 (4.27)

For the Z° boson mass, recall the SM relations cos?6y = ¢%/(¢9% + ¢%) and

m% = m%,/(cos? Oy ), so that

1
my =4 (9° +g")v". (4.28)

4.2.2 The Minimal Supersymmetric Standard Model

In terms of the two Y = 1 fields of the previous section one finds ©

1 0% B 7l +
H= (52) - (_‘b;sl-) —ic%i, H-= (52) - (‘;%2)) — ¢, (429)

i.e. <H'>=w; and < H?>> = vy. The scalar potential of the MSSM is

3
. 1 . .
Vsusy =m*(H'H + H' H) + 592 E (H'o'H + H'o"H)?
i=1 (4.30)

1 o
+ g9 (HH - A,

where the first contribution originates from the scalar part of the superpotential
W = m(e;; HH’). The mass parameter is in general complex. Since it only
enters the scalar potential via |m|? it is taken to be real. The second and third
terms arise from the D-term contributions D} = —(g/2)(Ho'H + Ho' H) and
Dy = —(¢'/2)(~H'H + H'H), as specified in eq. (2.86b). The most general
SU(2), ® U(1)y invariant soft breaking terms are

Vsoft = M%HTH + H%ETI_{ - /‘%(einiEﬂ + c.c.), (4.31)

where the mass parameters y? and p2 are real, due to the reality of the La-
grangian. They can however be negative. Again it is possible to chose the phase
of one of the Higgs fields, such that y3 is real and positive. Using

3

D (06")ap(0%)15 = —0apdys + 200805y, (4.32)
=1

SRemember that H and H denote the scalar components of the Higgs superfields.
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the component form of the scalar potential can be computed
Vussu =(m? + pd)[Hf H'] + (m® + pd)[H; H'] — 3 eg[H' H + H* H?*]

1 o .
+ 50" + ¢*)HFH' — HiH')® + Sg°|H H'|".
(4.33)

Comparison with eq. (4.17) and noting that e;; H'H’ = ¢J{¢2 and g;; H*H/* =
¢£¢1 gives
1 1
M=de=20"+9%), X=10"-9%) M=-3¢" X=X=X=0
mi; =m® +pi, miy=m’+ps, miy = 3.
(4.34)

Thus the Higgs sector of the MSSM is CP-conserving and flavour changing
neutral currents are automatically suppressed. Before Higgs mass terms can be
calculated, the minimum of the scalar potential needs to be evaluated, taking
the VEV’s of the fields. It suffices to only consider neutral components’ in the
scalar potential, i.e.

Virssar =m?([H? + [F22) + p |2 + | F2J2 — (U + )

+ é(gQ +¢%) (|H')? - |1H??). (4.35)
The (soft-breaking) parameter u? plays a crucial role in obtaining the minimum,
because without it, one always has either < H! >= 0 or < H?> >= 0. Two
minimum equations are obtained by taking the partial derivative of VR/[SS M
with respect to H'! and H2. They give further constraints and one can eliminate
the parameters m?, u? and p2. Taking egs. (4.22) yields

2m?
2 _ 12
A= in(28) (4.36)

2 2 2
mH:I: = mAO +mW

Eq. (4.25) can be recast using myz and m 40 as parameters:

1
Mo o = 2 (mio +m% + \/(mio +m%)? — 4m22m?40cos2(2ﬂ)> . (4.37)

Thus SUSY imposes constraints on the mass spectrum of the Higgs sector:

mg+ > mwy, mygo > myz (4.38a)
mpo < myz, mpo < ™M go. (4.38b)

For m 40 — 0 at tanf # 1, mpo > 0. So the MSSM possesses at least one light
Higgs boson.

"Recall that only the neutral components are taken to have non zero VEV’s to ensure
U(1)gum invariance.



Chapter 5

The Corrections

The mass relations of the last chapter are only tree-level approximations to
the real physical masses. In order for the calculation to be refined, one must
consider possible extensions of the theory and effects arising from radiative
corrections. This will be the content of this chapter.

5.1 The Effective Lagrangian

One assumes that the MSSM is valid up to a mass scale A. Above this scale
there are thought to be further particles and interactions. This philosophy
renders the MSSM an effective low-energy theory and the phenomena — up
to energies of order A — are described by an effective Lagrangian. Such a
procedure is very general and independent of the new physics entering at the
scale of A. One assumes, however, that no additional fields are present, so
that the particle content remains that of the MSSM. The terms of the effective
Lagrangian will be constructed as an expansion in powers of 1/A:

1 1
ﬁeff:£M55M+K£1+P£2+..., (5.1)

where Larssnr is the standard MSSM Lagrangian (eq. (4.14)) of dimension
four. The non renormalizable terms £, are of dimension 4 4+ p and can be
written as

Ly =" O, (5.2)

where @2(4“’ ) are supersymmetric SU(3)¢c ® SU(2), ® U(1)y gauge invariant
operators and the c¢; are unknown dimensionless couplings. Thus L.f is the
most general supersymmetric gauge invariant non renormalizable Lagrangian.
It will receive contributions from the Higgs superpotential, the chiral and the
vector sectors and from additional soft breaking terms.

The aim of this section will be to evaluate the effect of these new terms on
the mass spectrum of the MSSM Higgs sector, egs. (4.36) and (4.37). Thus it
suffices to calculate the effective Lagrangian involving only Higgs superfields.

37
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The superpotential

The MSSM Lagrangian contains a superpotential term, as seen in eq. (4.14)
Lsuperpor = (Wi 100 + Wi lgg = m [eiy HH + c.c.] yyzs (5.3)

(H and H are again superfields). The next higher allowed (SU(2), ® U(1)y
invariant and supersymmetric) contribution is of the form

A superpot = [z\a(siniHj)Q + Ny (e H'HY ) (e H* H™) + AZ(Ez’jHi*Hj*)Q] b0
(5.4)

This can be easily verified, noting that the Higgs superfields are general SU(2)r,
doublets and thus eq. (4.17) can be referred to, yielding: A,-term ~ As-term
and Ap-term ~ \4-term, where ‘~’ denotes the same SU(2);,®U(1)y properties.

The chiral sector

Recall eq. (4.12):

Leh = [H‘Lev"’e’VlH + Afe2eV FI] (5.5)
0066
The next higher allowed contributions are of the form
A = [(I‘I‘Lewe_VIH)2 + (H'e2e"1 H)? + (H*e%e_VIH)(ETevzevlﬁ)] 0033
(5.6)

The Vector sector

The SU(2)r, ® U(1)y invariant components of the (kinetic) vector superfield
Lagrangian are

tr[Ws'Waqlge + tr[Wdeg]gg and [W{Wialee + [WldW?]gg, (5.7)

as specified in eq. (4.5). The most general form of these expressions is found

to be (see ref. [14])
A'uect = [fZ(H) tr(W2aW2a) + f1 (H) Wlea]ae g
+ o) e Tos ) + (W] O

where fi, fo, g1, g2 are invariant! analytic? functions of the Higgs superfields.
The lowest invariant possibility allowed by eq. (5.8) is?

fi(H) = |zg|> and g(H) = |zg|%, i=1,2. (5.9)

'So fo — f» under gauge transformations. Recalling the transformation (2.74) one finds
explicitly that fo(H)tr(WsWaa) — fo(H) e *2tr(WsWaqa )e**2. The quantum numbers for
the W and B gauge superfields are listed in tab. 4.2. A, is now a three dimensional matrix
representation of SU(2).

2[fi(H)lgs = 0 = [ (H")loo, [9:(H)]oo = 0 = [g; (H")]gz-

3Check eq. (4.17).
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The soft breaking terms

The soft breaking Lagrangian of eq. (4.13) for the Higgs fields reads
Lsose = mylen|” + mylzpl® + w3 g (znzg + 2y 2f)- (5.10)

This is already the most general invariant form possible, producing no further
additions to L.

5.1.1 The Scalar Potential

To summarize, the contributions to the scalar potential Visssas come from the
modifications of the superpotential in eq. (5.3) and from modifications of the
D-terms arising in the chiral* and vector sector. Their explicit form can be
seen in the superfield Lagrangians of egs. (2.71) and (2.82).

From eq. (5.4) one can construct the superpotential

JACOTT

WErT = W + %(aijﬂiﬂj){ W =W+ %(sijﬂi*f{j*)?. (5.11)

A dimensional analysis® gives:
dim [%(eijﬂiﬁjf] = dim W] = 3. (5.12)
The cross term in eq. (5.4 ) will appear directly in L.ss, also multiplied with

a A~! factor. The scalar potential corresponding to these superpotential terms
are

corr _ aWC.O""/' aWC.OT'T'
superpot 823_1 32%
=|mzt + 23(6161,2’c 22)2 | + |m2l, + 2§(€klzk 2) 2 |2
A
:mQ(szH + zgzg) + 2mK(szH + zgzg)(eklzz[ziq + c.c.)

z? 2 2
+ 4F[(ZLZH) z%zg + szH(z}qug) .
The first term in eq. (5.13) is the usual dimension-four operator. The next-
to-leading order (NLO) correction — suppressed by A~! — is a dimension-five
operator. Finally, the A~2 term is a dimension-six operator. Thus the non
renormalizable contributions are

L1 =cOB = 2)\m(z}{zH + zjt—[z;[)(sklzlflzifl + c.c.)

Lo = d@(6) = 4)\2[(2;_1211)22;—121—{ + ZLZH(Z}IZI‘{)Z].

(5.14)

4There are additional corrections originating in the chiral sector, which will have an impact
on the Higgs-Higgs and Higgs-boson interactions.
5See appendix E.
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Expressing eq. (5.13) in terms of the ¢; and ¢, fields of the generic two-Higgs
model of eq. (4.17) yields

A
eperpor = (B]61 + 01p0) + 2mT (811 + @ g2) (4102 + #ln)

2
+425 181607832 + 611 (652)7),

(5.15)

and thus®
A
A = A7 = 2mK # 0, (5.16)

leading to a violation of the discrete symmetry and therefore to the appearance
of flavour changing neutral currents (controlled by A~1).

In the vector sector, the combination of egs. (5.8) and (5.9) — keeping only
the D-terms — gives

5 (enl? + |25 ) [(DL)? + D3], (517)

where D¢ and Dy denote the SU(2); and U(1)y D-terms, respectively. In
order for the new terms to have the same dimension as the original ones, these
corrections need to be multiplied with A=2. The final modified form of the
D-terms is obtained by joining the dimensionally corrected eq. (5.17) with the
bare term in eq. (2.82), yielding

lzul? | |zgl?
A2 T A2

[D% DY + Dy Dyleorr = [1 + ] (D% D% + Dy Dy), (5.18)

The contribution to the D-terms arising in the chiral sector, i.e. eq. (5.6), is
of the form

1y ,~ = 211y~ - 2
[izL(DL + Dy)ZH:| , |:§Z}I(DL + Dy)zlq:| ,

) 1 (5.19)
[Ez;I(DL + Dy)ZH:| [5'2;1(DL + Dy)ZH:| ,

where D = > Di(0%/2) and Dy = Dy(Y/2), with Y = +1 for z;; and

Y = —1 for zy. A dimensional argument requires a suppression of the form
1
AL (5.20)

Egs. (5.18) and (5.19) are linked through the equation of motion:”

OLesr
oD

5The dimension-five operator is actually of dimension-four term, multiplied with a mass
parameter. This allows it to be compared with the renormalizable terms of eq. (4.17). This
is not possible for the ‘pure’ dimension-six operator.

"Compare with eq. (2.86b).

0, D = D¢, Dy. (5.21)
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The resulting relation will involve a correspondence of dimension-four terms
(with A2 factors) and dimension-six terms (with A=* factors), which, when
inserted into the scalar potential by virtue of eq. (2.88), will lead to even higher
order operators Q. Thus, in NLO order, only the A~! term of eq. (5.13) needs
to be considered.

To sum up, the modified scalar potential is

A
VLD = Vsusy + Vsoft + 2mK(z;{zH + z%zg)(gklzgz% +hec). (5.22)

The matrix elements of eqs. (4.23) read

A
M2, =m?osin® 8 + m% cos? B + 2m=v?sin(23
11 A z A

A
M3y =mZocos®B +m7 sin®B + 2mKUZSin(2/3) (5.23)
A
M2, = —sing cosﬁ(mio +m%) + QmKUQ,

and the Higgs masses can now be computed from eqgs. (4.22) and (4.25)

2
2 _ 2 A9
A T Sin(2B) [“3 e ]
1 A,
m%O’HO =3 [mio + m2Z + 4mK'U231n(2ﬁ) + \/]]_])]
D :=(m?%o +m%)? — 4m%m?ecos?(28)

(5.24)

Ao 22
- 8mK0231n(2ﬂ)(m?40 +m%) + 16m2pv4.

The mass terms mg+, mz and mpy remain unchanged.

5.1.2 Evaluation

In this section a numerical analysis of the NLO corrections to the neutral Higgs
masses arising in eqs. (5.24) will be presented. To this aim, a new parameter ¢
is defined, containing all the uncertainties of the model, i. e. the mass parameter
m of egs. (4.9) or (4.31) , the fundamental mass scale A and the dimensionless
coupling X of eq. (5.11). One sets

A2

1 (5.25)

t:=m
where v2 = v? + v2 = 4m%[, /g?. The light neutral scalar mass, myo, is then
plotted as a function of ¢ for special choices of tan 8 with a fixed value of m 40
— see figs. 5.1. From the LEP-data the boundaries of these two parameters
are known to be: tan 3 > 1 and m 40 > 80 [GeV]. In figs. 5.1 two limiting cases
are visible, corresponding to (1.) tan8 =1 and (2.) tanf — oo:

1. At tree-level mz(l) = 0. For any choice of ¢ > 0 the mass of the Higgs

boson arises entirely from the corrections. Eqgs. (5.24) reduce (in the case
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(a) (b)
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Figure 5.1: NLO-corrected Higgs mass mo as a function of ¢ for (a) m 40 = 100
and (b) m 40 = 500 [GeV]. The various curves correspond to special choices of
tan 8.

of myo) to

1
mio = 3 {M2 44t — /MT = seMZ 4 1622}, (5.26)

where M? := mio +m%. Fort — 0, myo — m’;l(l) The maximum value of
the Higgs boson mass is reached at ¢ = ™% = M?2/4 and is mye® = M.
For ¢ > 1™ the value for mjo stabilizes at the maximum m}s*®, because
At — v/ M?* — 8tM? + 16t2 = M? for all t > t™%_ Both tree-level bounds

of egs. (4.38b) are violated for sufficiently large values of ¢.

2. From egs. (5.24) one finds

1
mpo = 3 {M2 - \/M4 — 4m?,m% + 16t2} . (5.27)

In the t — 0 limit, the tree-level relation of eq. (4.37) is regained, which
is also the maximum value of the Higgs mass, i.e. mpo < mpg™® = mz(l)
Both tree-level bounds of egs. (4.38b) are satisfied. In eq. (5.27) one

can observe a mass-suppression due to the quadratic influence of the t-

parameter and myo = 0 for ¢t > 1/24 /miomz .

To summarize, the NLO corrections depend strongly on the mass of the neutral
pseudoscalar m 40. Although the qualitative behavior is similar for all values,
the numerical outcome is strongly m jo-dependent. The maximal corrected
mass is generated with a value of tan = 1 and is m}y** = mio + m2Z For
tan 8 > 1 the corrective influence becomes smaller: The mass of the neutral
Higgs boson is slowly corrected — with increasing ¢ — from the tree-level mass
to a maximum value (< m}**) from whereon a suppression-mechanism drives
it to zero, thus giving the range of the t-parameter a boundary. For tan 8 = oo,

mpo < mz(l] for all t.
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Figure 5.2: NLO-corrected Higgs mass myo with linear corrections only.

It is interesting to note, that in the tan 8 — oo case, the mass-correction
is solely quadratic, with no linear terms present. In fig. 5.2 the corresponding
relation of egs. (5.24) is calculated, with only the linear contributions consid-
ered. For tanf = oo there is no corrective influence and the tree-level mass
is unchanged. However, for any finite value of tan 8, the mass-suppression is
not in effect, resulting in the unbounded growth of the neutral Higgs mass for
t — o0o. The case of tan 3 = 1 shows, that the quadratic corrections interact
with the linear contributions in a very subtle way to yield the stable plateau
seen in figs. 5.1.

5.2 Radiative Corrections

One can also compute the radiative corrections to the MSSM Higgs masses. The
analysis will produce all leading order logarithmic expressions for the masses.
They are obtained from eqs. (4.22) and (4.23), by treating the dimensionless
coupling constants Ai,..., A7 as running parameters, evaluated at the scale
of electroweak symmetry breaking, M, < Mgsysy. Recall that 250 [GeV] <
Msysy < 1[TeV]. The gauge couplings g2 and g'? are known from experimental
measurements at the scale of Me,,. If SUSY is unbroken, then eqs. (4.34) are
valid:

1
Al _ AQ — Z(gQ_I_gIQ)
1

A3 = 1(92 -4")

1

2
A5 =
g =
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Since SUSY is broken, egs. (5.28) are regarded as boundary conditions for the
running parameters, at the scale Mgysy

1
’\1(M§’USY) = )‘Q(MgUSY) = 1[92(M§’USY) + Q'Q(MgUSY)]

1
)‘3(M52’USY) = 1[92(M§USY) - gIZ(Mg’USY)]

1
>\4(M§'USY) = - 592 (MgUSY)

Xs(M3ysy) = de(Miysy) = M(M3ysy) =0,
in accordance with the tree-level MSSM relations. At scales below Mgsysy,
the gauge and dimensionless couplings evolve according to the renormalization
group equations (RGE) of the non supersymmetric two-Higgs doublet model.
Their general form is

% = Bi(p1,P2,---), t:=1nyu?, (5.30)
where p is the energy scale and the p; are the parameters of the theory, i.e.
pi = g%, A1, ... Solving the RGE with the boundary conditions at Msygy, one
can determine the \; at Me,,. The resulting values are inserted into eqs. (4.22)
and (4.23). Thus the radiatively corrected Higgs masses are obtained. These
corrections include the leading logarithmic adjustments summed to all orders
in perturbation theory. The result is presented in ref. [6]. At leading-log order,
A5 = Ag = A7 = 0 for all energy scales. As a consequence, the value m 4o is
unchanged. The charged sector will not be discussed and the emphasis is put on
the calculation of the neutral Higgs masses. Their RGE-corrected parameters

are
4
m

12N,——b>

[ ( “m%, costp

(5.29)

g*(m3)
384m2costOyy

M (m3) =+ [P (m3) + g% (m3)] +

2

m M?2
—6N627b2 +P;+ P, _|_p2H) In (%)
m7, cos*f3 my

M2
o ()
my

1 g*(m?) m}
No(m2) = + —[a2(m2 2¢, 2 A 12N t
m? M?2
—6N,—5———+ P ) In | —242¥ 31
“m? sin23 + t) . ( m? (5.31)
M2
+ (Pf + P, +P2H> In (%)]
m
Z

_ g'(m) ey ™
384m2cos*Oy, ‘m? cos?f3

M2
+P;+ P, + P2’H> In (75‘]251“)
my

2 M2
+ (—3N02m7_t2 + Pt) In (%)] .
m7, sin®f3 mi

o) = = {162m3) + g (m3)]
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In egs. (5.31) the newly defined terms are: A3 := A3 + A1, N, and Ny are
respectively the number of colours and generations, i.e. N, = Ny, = 3 and the
top and bottom quark masses are denoted by m? and mz Further definitions
are
P:= N1 —4e,sin’fy + Seisin‘lﬁw)
P = Ny{N.2 — 4sin®Oy + 8(d; + €2)sin" O]
+ [2 — 4sinOy + 8sin*Oy]} — P,

P, := — 44 + 106sin®0y — 62sin*Oyy (5.32)
Pj:= 10 + 34sin’Oy — 26sin*Oy
Py i= — 10 + 2sin®0y, — 2sinOy,
Py = 8 —22sin?0y + 10sin*Oyy,
where e, = 2/3 and e; = —1/3 give the up and down quark charges. The

subscripts ¢, f, g and 2H indicate contributions from the top quark, the fermions
(without the t-quark), the gauge bosons and the two Higgs doublets. With these
corrected parameters the neutral Higgs masses can be computed. For ease of
calculation only the leading O(m}) terms will be considered, i. e.

Mimy) = 1o (m}) +g”(m3)]

Mo(m) = 4o (m}) +g”(m3)]

5.33
n g*(m%) 19N, my 1 My sy (5.33)
384m2cos*Oy ‘m?, sintf " m?
2 1
As(m7) = = 7[g°(m7) + g (m7)],

The matrix elements are then
M2, =m?osin?B + m% cos?f

2,2 32 4 2
2 __2 2 2 .2 g-m7 sin“f my Mgy sy
Mip =miocos™§ + mz S+ e o (mcm) n (T
M3, = — sinf cosB(m?o +m%),
(5.34)

giving a neutral Higgs mass of

1
mio = = {M?L + A - \/Mjl_ — 4m%m?,cos?(28) + 2Acos(28) M? + AQ} ,

2
(5.35)
where Mf_ = mio + mQZ, M? = mio — m2Z and
2,2 oi 2 4 2
g“m7 sin“ my Moy
A=="72_""|[12N,——F— | In | —221 ). .
9672 cos?Oy ( ‘mi, sin‘%) " ( m? (5-36)
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Figure 5.3: Comparison of the RGE-corrected Higgs masses (a) due to the exact
equations and (b) due to the equations of order O(m}).

In figs. 5.3 the neutral Higgs masses are calculated using the exact relations
arising from eqs. (5.31) and the approximated relations from eqgs. (5.33), i.e.
eq. (5.35). The accuracy is hardly decreased, justifying the approximation.
For larger values of m 40 the difference becomes more noticeable. In the limit
of tan 8 — oo the value of myo reaches a maximum of

1
miozi{Mi—l—A—\/Mi—i—A?},

as seen in fig 5.3 (b). The minimum of the Higgs mass is obtained for values
of tan8 = 1 and m 40 > 300 [GeV]. The tree-level bounds of egs. (4.38b) are
both violated for large values of m 40 and tan 8. If m 40 is taken to be less or
equal than 100 [GeV] then mo converges to this value of m 4o in the large tan 3
limit, and thus the tree-level bound myo < m 40 is satisfied.

In figs. 5.4 the dependency on the breaking parameter Mgygy is shown.
In the case of heavy Higgs pseudoscalars (m 40 > 100 [GeV]) the corrections

(5.37)

(a)

(b)

T T T T T TTT I T T T T T T1TTT T T T T T TTT I T T T T T T1TTT
120— — 120 m 0 = 500 [GeV] —]
100 m 40 = 500 [GeV] 100
100
% % o s
o, o,
= % 60— 1
g g
40— —
20— — 20— —
MSUSY = 250 [GeV] MSUSY = 1000 [GeV]
0 1 1 11 1111 I 1 1 11 1111 0 1 1 11 1111 I 1 1 11 1111
10° 10" 10° 10 10! 10°
tan 3 tan 3

Figure 5.4: RGE-correcteed Higgs masses for different values of Mgysy .
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Figure 5.5: The RGE and NLO corrections are simultaneously calculated for a
NLO-value of m 40 = 100 [GeV] and RGE-value of Mgysy = 500 [GeV].

are amplified with increasing Mgysy. For m 40 = 100 [GeV] one only finds the
minimum of mo noticeably upwards shifted.

5.3 The Total Corrections

What happens when NLO and RGE corrections are simultaneously considered?
In fig. 5.5 the adjusted light neutral Higgs masses are plotted with both types
of corrections. The mass matrix elements are obtained from the combination
of egs. (5.23) and (5.34), yielding

A
M2, =m?esin®B + m% cos?f + 2m —v?sin(23
11 A VA A

A
M3y =mocos’f + m3 sin®f + 2mKu25in(2ﬂ)

. 5.38
L IS (o) 1y (Msusy 39
96m2cos20y ‘m%, sin?f m?
A
M3, = — sinf cosB(m?o +m%) + Zvaz.
Introducing abbreviations of the form
A
t ::mK'U2
Mi ::mio + m2Z
2 (5.39)

2 2
M? :=m’%o —mj7

A g*my sin®p 19N mi In MZysy
" 96m2cos20y ¢ 2 ’
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the mass of the neutral Higgs boson is found to be

1
mio =5 {Mi + 4tsin(28) + A — «/ﬁ}
D :=M} — 4m%m%ocos®(26)
— 8tsin(28) M? + 16> + 2Acos(28) M2 + A2

(5.40)

Fig. 5.5 shows the characteristic behavior due to the NLO corrections as dis-
cussed in section 5.1.2, but the numerical values are influenced by the RGE

corrections:

1. tanfB =1:

\/Mf_ + %, for ¢ large.

mpo = (541)
\/%[M3+A—,/M1+A2], for ¢ = 0.
2. tan 8 = oc:
1
mpo < \/5 |:M_%_ +A— \/Mj_ — 4m?40m2z —2AM? + A? . (5.42)

In fig. 5.6 the tree-level Higgs mass values are numerically subtracted from

the corrected masses of fig. 5.5, ie. m!% — mit, giving the raw value of the

corrections.

T T TTTTT T |||||||| T T TTTTT T T TTTTT
150/~ Mgysy = 500 [GeV]
m 0 = 100 [GeV]

tanf = 1

-100= 4 v ol vl vl 4
10" 10° 10° 10* 10°
t

Figure 5.6: The RGE and NLO corrections are simultaneously calculated for a
NLO-value of m 40 = 100 [GeV] and RGE-value of Mgygsy = 500 [GeV], but
the tree-level Higgs masses are numerically subtracted, yielding the true value
of the corrections.



Chapter 6

Summary and Conclusions

The SM is a well tested and well established framework in which all the non-
gravitational forces are united'. Soon it was realized that in spite of the success
and the accuracy of the theory it must be extended to address some defects by
which it is plagued. For a brief review of the questions raised by the SM see
reference [15].

In this paper the problem of the origin of mass is discussed, which in the SM
is thought to come from a fundamental scalar Higgs field2. The search for this
elusive particle is also of paramount experimental importance: By 2010 a new
accelerator will be fully operational at CERN, called the Large Hadron Collider
(LHC). It should be powerful enough to detect the Higgs particle. However, if
the Higgs boson is not detected it is still possible to take the following point
of view: The modifications to the Higgs mass calculated in this paper due to
SUSY correct the mass out of the detection range. Unfortunately the accuracy
of the calculation was restricted to next-to-leading order which leaves an incon-
clusive result due to the wealth of free parameters. Analyzing the next higher
corrections could give a clearer answer, but the mathematical involvement is
quite arduous.

Incidently, the LHC will also be searching for superpartner particles, which
are not only an essential ingredient to the extension of the SM via SUSY, but
play a fundamental role in string/M-theory3. So a lot of expectations and
apprehensions await the LHC.

'For a brief note on the unification of all forces, see appendix F.

*Within the framework of string/M-theory it seems conceivable that mass terms originate
solely from the compactification of the 11-dimensional space-time.

3For a remark on SUSY in string theory, see footnote appendix F.
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Appendix A

Notation and Conventions

h=c=¢y=1.

The Einstein summation convention is assumed if the summation is not
explicitly shown.

t denotes the hermitian conjugate, * the complex conjugate and ! the
transpose of a value.

Greek indices from the middle of the alphabet (u,v,...) range from 0 to
3. The indices «, 8,... are usually used to label two-component objects.
Occasionally they are taken to range from 1 to 4, with specific declaration.
Dotted indices (d, B,... ) always have values 1 or 2. They are introduced
in appendix D. Latin indices (i, j, ... ) range from 1 to 3.

For a matrices A;; the index placement used in the summation convention
is

(A =Af = A7, (A.1)
i.e. for a column vector @ = A% one finds
w; = Az-jvj, (A.2)
and for ! = 't A?
w; = vjAjZ.. (A.3)
The metric for flat space-time is
" = diag (+, —, —, —)- (A.4)

The totally antisymmetric Levi-Civita tensor is denoted by € (i.e. eqg,
€ijk and €upqp)-

The 4x4 gamma matrices satisfy
{v*,7"} = 20", (A.5)
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APPENDIX A. NOTATION AND CONVENTIONS

In the standard representation they are taken to be

0 I 0 —¢ L 0
0 _ 2 - 5 _ s 01,23 2
7—(12 0)#—(5 0>,7 —wvvv—(o _IQ>- (A-6)

The chiral (or Weyl) representation is

o (0 —I . (0 & 5 (I 0

For the Dirac representation one finds

I, 0 0 & 0 I
0 2 — 5 _ 2
7 _(0 —12>’ 7‘(—5 0)’ 7 _<12 0)' (A.8)

The Pauli matrices

) (T e ) w
have been used.
{o%,09}y =26,  [o%,07] = 2k ok, (A.10)
The charge conjugation matrix C' is defined as
C = iy?*A°, (A.11)
with
c’=1n, Cc=-ct=c (A.12)

and

0 10

o —io? 0
Csta d _ CWeyl — ( g

L (A.13)
CDirac — CMajorana — 0 —t0
—io?2 0 )
Partial derivatives in space-time coordinates are
o 92
= — = ot
O OoxH (V)
5 5 (A.14)
ot — 2 — [ at
oz, -v)’
and in anticommuting coordinates
0 0
o= oy 0= -
) aga B aga (A.15)
19) g

“7 965 00,



Appendix B

Elements of Group Theory

In the literature there is a certain ambiguity to the meaning of the term ‘rep-
resentation’:

1. In the rigorous mathematical definition, a linear representation is a spe-
cific realization of the multiplication of the group elements by matrices,
i.e. a mapping of the abstract group elements to a set of matrices. For
brevity the representation is identified with the matrices themselves. The
set of basis vectors spanning the vector space on which the matrices act
as linear transformations form a multiplet.

2. An alternative approach! uses the transformation properties of a given
set of (physical) fields under the elements of a specific group to construct
a representation of the considered group:

¢"(z) = U(9)¢' (2)U™ (g) = R'j(—9)¢” (a"). (B.1)

In this equation the ¢*(z) (i = 1,...,N) denote a set of field operators
on the vector space of physical states (2"¢ quantization) transforming
by virtue of U(g), which is a representation of the group element g tak-
en as a linear transformation on the same space. The group elements
also induces a transformation in the physical z-space, thus defining z’.
The matrix R(g) is a N-dimensional representation of the group. Eq.
(B.1) specifies the transformation properties of a vector field. It can be
easily modified for scalar or tensor fields, by appropriate choice of the
representation matrix R. So the fields span the representation space and
(¢ (), ..., ¢ (z)) is a multiplet.

B.1 External Symmetries

The symmetry groups of four-dimensional space-time are the (proper) Lorentz
group .Z and the Poincaré group &, the former consisting of ‘rotations’ in
space-time (i.e. three-dimensional rotations and Lorentz boosts) and the latter
of rotations and translations in space-time (i.e. .Z extended by the inclusion

!This is often seen in the physics literature.
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of four-dimensional translations). The physical significance of these groups is
that

e particle states transform as unitary representations of &,

e fields transform as finite dimensional representations of .Z.

B.1.1 The Poincaré Algebra

The Lie algebra of the Poincaré group generators is

[MF MP?) = —i(n*P M"Y + 0" M*P — nho M¥YP — n"P MK (B.2a)

[M*, P?] = —i(n** P* — 1" P¥) (B.2b)

[P*, P"] =0. (B.2c)

PH = o generate four-dimensional translations and M* = 4(z#3” — ¥ ")

generate Lorentz transformations, thus eq. (B.2a) is the Lie algebra of the
Lorentz group. Eq. (B.2b) can be written as [M*, P?] = (V#¥), P*, implying
that P* transforms as a vector under Lorentz transformations.

B.1.2 Representations of the Lorentz Group

A general group element of . induces the coordinate transformation
ot — ' = AP 2", (B.3)
where the A matrices satisfy
A=Aty detA =1, AY > 1. (B.4)

Thus the mathematical designation of . is SO(1,3). Infinitesimal Lorentz
transformations (parametrized by w) can be written as

Aw) = 1 + S (M) + O(w?), (B.5)

It is possible to decompose an arbitrary Lorentz transformation into a product
of a three-dimensional rotation and a boost. We can then identify
Jh=) e M and K= MY, (B.6)
k

where J and K generate the rotations and the boosts respectively. The Lie
algebra, expressed in terms of these new generators reads

[T, T =) ™l (B.7a)
k
(K™, J"=i) e™K! (B.7b)

k
(K™ K" =—i) ™, (B.7c)
k
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where eq. (B.7a) is the SO(3) Lie algebra as expected. One can introduce yet
another basis in the space of the generators, taken to be

. 1, . N ;
M':= J(J' iK', N'= (' —iK). (B-8)

These new generators satisfy

(M, M) =) eiFmk

[M*, N’] =0 (B.9)
[N*, N7] = ’LZEUka

which is the Lie algebra of the direct product of the two complex SU(2) algebras,
generated by M and N respectively. This shows that the Lie algebra of the
Lorentz group SO(1, 3) is equivalent to the Lie algebra of the group SU(2)y ®
SU(2)n.2 Therefore the irreducible finite dimensional representations of the
Lorentz group can be characterized by the total spin of SU(2)ys and SU(2)n
denoted by (m,n). The representations (3,0) — corresponding to J = 3d/2,
K = —i3/2 — and (0, 1) — corresponding to J=3/2, K =i3/2 — are called
the fundamental representations of the Lorentz group. They are inequivalent,
irreducible and two-dimensional. The basis vectors in the representation space
are called (two-component) spinors3. If one extends the Lorentz group by
parity transformations, then the (3,0) and (0, ;) representations interchange
and the two spinors are combined to form a smgle Dirac or four-component
spinor®. They form a basis for the representation (3,0) @ (0, 3), which is now
irreducible and four-dimensional. The transformation properties of the physical
fields under the Lorentz group are:

e Scalar fields (spin-0) transform as (0,0).
e Spinor fields (spin-1) transform as (

e Vector fields (spin-1) transform as ( = (3,3), the product of

two spinors.

1

e Spin-3 fields transform as (3, 3) ® (3,

spinor.

0), the product of a vector and a

e Tensor fields (spin-2) transform as (3,3) ® (3,1), the product of two
vectors.

Considering Lorentz transformations (parametrized by w) eq. (B.1) takes the
generic form

(@) - ¥(2) = R(-w) B(@') = R(-w) d {AW)a}.  (B.10)

It should be noted that SU(2)m ® SU(2)n is a compact group in contrast to SO(1,3)
and that the generators M® and N’ are not hermitian.

3See appendix D.

4See appendix C.
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The representation matrix R is determined by the nature (i.e. transformation
property) of the field denoted by ®:
R — 1, for a scalar field ¢(z),

R = Sap(—w) = bap — ZwW(E“”)ag + O(w?), for a Dirac spinor field 1, (z),
R = Ap(—w) =9 — %wpa(Jp”)W + O(w?), for a vector field V,(z),
or in a compact infinitesimal notation

§LTenEG = —wRY, (B.12)

where R = (1, %, J) satisfies the Lie algebra of the Lorentz group SO(1,3), i.e
eq. (B.2a). For spinors the corresponding generators are
1
2 =10, (B.13)
where the v* matrices are given in appendix A, and for vectors one finds
() = iy — ). (B.14)
A more specific way to write eq. (B.10) is
¢'(37) = ¢(Ax)
W (2) = [e7F] 9P (Az) (B.15)
Vlu [ efsz ]
B.1.3 Rotations
Rotations in N-dimensional space are given by the group SO(N):

e The dimension is N(N — 1) and the rank® is & for N even or &5 for
N odd.

o z' = 2" = 0%z’ for O € SO(N).
e O =0(0) =exp (z ZN(N /2 0“75“). The rotation angles € are the pa-
rameters of the transformation.

e The representation defined via the transformation properties of N (scalar
or vector) fields ¢(x) is generated by

(M) = i(5]0} — 6457, (B.16)
and the commutation relations are
(M9, M) = —i(§" MI™ — g ™ — g M 4 M M), (BUT)

Setting U(w) = e“iiM" one finds

®The number of generators that can be simultaneously diagonal.
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— for scalar fields: U(w)¢(z)U " (w) = ¢(z').
— for vector fields: U (w)¢(2)U~ () = [0(-0)]', ¢7(z").

e The spinor representation defined via the transformation properties of N
spinor fields is generated by

M = %[ri,rj], (B.18)
where M satisfy eq. (B.17) and the vectors T satisfy the Clifford algebra,
{I, 1V} = 26%. (B.19)

The spinor representation of SO(4) — respectively SO(1,3) — is constructed
using the gamma matrices of appendix A, see egs. (B.13) and (A.5).

B.2 Internal Symmetries

The advent of gauge theories® in physics brought into consideration a new type
of symmetry: local gauge symmetry. In a first step the Lagrangian L is taken
to be invariant under some global gauge group G, i.e. under the infinitesimal
transformation

#(z) = ¢ (z) = ¢'(z) + 6¢* (z); i=1,...,N, (B.20)
where
3¢ () = iwa (1), (x). (B.21)

The t* (a = 1,...,dim G) are the hermitian generators of the group G and
satisfy the Lie algebra

[, t"] =4y febets, (B.22)
[
with f%¢ as the structure constants of the group. It is always possible to define
a matrix representation of the generators
(ta)bc — _,L-fabc’ (B.23)

which satisfies eq. (B.22). This is called the adjoint representation. The nor-
malization is taken to be tr(t%t®) = kd%. This fixes the normalization for all

5The geometrical structure of the theory is that of a fiber bundle, in which an ‘internal’
space is erected at every point in space-time. This means, that a wave function ¢(x) has
a definite direction in the internal space at the point x. The problem of correlating the
relative directions of ¢ at different space-time points is closely related to the affine connection
of general relativity, which allows the definition of parallel transport. In gauge theory one
introduces a (vector) gauge field, which generates infinitesimal rotations in the internal space
as a result of an external space-time displacement.
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other representations.” The fo¢ are then totally antisymmetric. Eq. (B.21)
corresponds to

#i(z) = [T ¢7(a). (B.24)

The transformation properties of the fields ¢* specify a (N-dimensional) repre-
sentation of the gauge group, which also determines the matrix representation
for the ¢®. The symmetry is turned into a local one (the symmetry is ‘gauged’),
by replacing w with w(z), i.e. the transformation parameters become space-
time dependent. To retain the invariance of L, a gauge-covariant derivative is
introduced

O — Dy =0y +ig » V2, (B.25)
a
which contains a set of (vector) gauge fields V' and a coupling constant g

associated with the group G. The gauge fields form a multiplet belonging to
the adjoint representation of G.

SU(N) characterizes the gauge groups encountered in physics:

e The dimension is N2 — 1 and the rank N — 1.
a=

o UcSUN)= U =exp (z SV eata). One finds UUT = U = Iy.

e The representation defined via the transformation properties of NV vectors

= (gl N
P — = Ul (B.26)
It is denoted as N.

e The conjugate representation N is defined via the transformation prop-
erties of the N vectors ;"

Wr = =gty (B.27)

e NeN=(N?-1)®1.

One finds that SO(2) ~ U(1), SO(3) ~ SU(2) and SO(4) ~ SU(2) @ SU(2).

"For SU(N) tr(t*t") = 16, SO(N) (N > 3) tr(t*t") = §°*. SO(3) is normalized as
SU(2).



Appendix C

Four-Component Spinors

Recall from appendix B that the Dirac spinors form a basis for a representa-
tion of the Lorentz group. The generators of ., M*, obey the commutation
relations of eq. (B.2a). A matrix representation of the generators is given by

i
2 =) (C.1)

iy A

The corresponding (Lorentz) group element is S = e and acts on the

basis space of Dirac four-spinors

P1(z)
vie) = | 0] (©2)
Pa()
¥(@) = S(e') = S A, (©3)
or
glotentz, _ —%wuuz’“’?ﬁ- (C.4)

The adjoint spinor 9 = 1t~? transforms as
PP =S (C.5)

It is possible to construct a quantity related to the adjoint spinor that has the
same transformation properties as 1. It is defined via the charge conjugation
matrix and is of the form

P = Ct, (C.6)

which indeed transforms as 9 = S¥°. Depending on the choice of the ~
matrices one attains different characteristics for the spinors.

e In the Dirac representation one gets the Dirac spinor, i.e. a complex-
valued field with four components describing a massive spin—% field.
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e In the Weyl and the standard representation one can define chiral projec-

tors
1 5 (12 0 _l. 5 _ (0 0
PL—E(I4+')’)—<O 0>, PR—2(I4 7)—(0 1-2>a (C.7)

with PI% = P, P}Qz = P and Py Pr = PrPr = 0. The Dirac spinor takes

the form
¢L>
= ; C.8
v= (1 ©3)
where ¢, and ¥ are Weyl spinors and are subject to the constraints
Pripr, =0
Prijpr =0.

They describe massless spin—% particles. Again this illustrates the fact,
that Dirac spinors span a reducible representation of the Lorentz group,
which decomposes into the irreducible inequivalent representation, span-
ned by the Weyl spinors (compare with section B.1.2).

A Majorana spinor is define by the condition ¢ = 9°. Using the standard
representation this can be written as

v= (w%;) ' (C.9)



Appendix D

Two-Component Spinors

In appendix C the Dirac spinor ¢ was decomposed into two-component Weyl

spinors
_ (YL
o= (). o

The left and right-handed Weyl spinors span two inequivalent irreducible rep-
resentations of the Lorentz group (section B.1.2). They transform under the
Lorentz group via matrices M and M* from SL(2,C). This illustrates the
fact, that there is a natural correspondence between the groups SO(1,3) and
SL(2,C). The connection is made by associating with each space-time point
z# a 2 X 2 hermitian matrix X:

2t +— X =0, -2, (D.2)

where o;,7 = 1,2, 3, are the Pauli matrices and o is the identity matrix. A
Lorentz transformation A (on the four-vector z*) induces a linear transforma-
tion on the matrix X, preserving its hermiticity

' = Az¥ «— X' = MXMT. (D.3)
The matrices M satisfy
MeM' = ¢ = detM =1, (D.4)

i.e. M € SL(2,C).

A two-component spinor 1 transforms under Lorentz transformations as

by = Mg, (D.5)

This corresponds to the irreducible representation labelled by (0, %) By con-
vention spinors transforming in accordance with the (%,O) representation are
written with dotted indices and a bar:'

Wy = (M) F5 = gy, (D.6)

!The convention for the placement of the indices is given in appendix A.
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Using the ¢ matrix? it is possible to introduce the contravariant components of
the two-spinors, i.e.

Yo = ePys, P = ey, (D.7)
with the transformation properties

P = (ME)YP = F (M)

. P . D.g)
1o f—-Wéa g8 _ 78 *—1\ & (
5= (M85 = B () g
One defines the (Lorentz) scalar quantities
— - _ o
N (D.9)
nx ="naX = —1 Xa
in such a way that
(mo" =nx. (D.10)
For anticommuting spinors one finds
= o = — o = @ =
A e S S SRt
nxX =naX" = —1N Xa = Xan = NX-
The y-matrices can be brought into two-component form
0 (0") a
i~ ((5#)@ w) , (D.12)
with
(8#)% = e*Pe (o1 5. (D.13)
The assignment
o = (62, 0%) = (I, —o'
( ’ ) ( 2 ) (D.14)

ot = (5°,5') = (I, 0")
gives the standard representation for the y-matrices (see appendix A). The
matrix representation for the Lorentz group using y-matrices is then

14 i v
2 =10
i ((0")aa(5”)‘w — (0")aa (") 0 )

0 (@#)3%(0") g5 — (6")4(0") 45

e o
=:1 0 (6MU)QB .

(D.15)
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So the matrices o#” and * are the generators of the Lorentz group in the
(3,0) respectively the (0, 3) representations.
The product of two spinors can be written as

1 1

MaXp = 5CaplX — ggﬁv(‘f“”)a7775(0uv)5po (D.16a)
_ 1 s
NaXa = —5(0“)aa776(0u)5pxp- (D.16b)

In group theoretical language, eq. (D.16a) stands for (0,1) ® (0, 3) = (0,0) &
(0,1), and eq. (D.16b) for (0, 3)®(5,0) = (3, 1). Using the o-matrices one can
convert a vector into a four-component spinor and vice versa

1 .
Vs = (O"U)aqu, VH = —5(6“)‘““Vad. (D.17)

In two-component notation a Majorana spinor is written as®

v (%), v-wni) (0.15)
For arbitrary four-component spinors one finds the relations

T =+ ¢ = "o + Pad”

_ _ _ . . (D.19)
UHd = ot — pot'yp = ¢a(0u)ad¢a - ¢a(0u)ad¢a-
Anticommuting Grassmann two-component spinors 6 and  satisfy
00 = 0°0, = —0'6> + 6°0" = —20'6° = —20,0, (D.20)
06 = 048° — —5°0" + 0167 — 42010 — +20,5,. ‘
This can be used to calculate the following relations
1
0°0° = — P90
2
1
0a9,3 = +§Ea590
o 1 . (D.21)
mM=+fW%
_ 1
9@%‘ = —Eadﬁﬂﬁ.
Further relations are
0°0°9" =0
09%7 — 0, (D-22)
and
(0050 = (0°(0") 550°) 0° — Loy (o1, .5 = —Loo(orp)°
2 o 2 (D.23)

ww@mz(Mwﬂwﬁ)m:+g%w%whﬁﬁ=+%@www.

3Note the ambiguity in the usage of the bar-symbol.
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Noting that

(0")0a ()% = tr(c"5”) = 2p, (D.24)
one finds
(0578 (60" 6) = %nﬂ”eaéé. (D.25)
It is also true that
tr(o"a” o) = 2" nP — ey 4 AP — jehver), (D.26)

The Fierz rearrangement formula reads

(09)(6) = —360(49)
- 1 (D.27)
(04) (09) = —300(6v).
The derivatives are found to be

O ooy (2 08 g. _a. (2 g8 _

a06!(99) = (800‘9 )95 s (80“0 ) = 20,

9 oy (2 o Nps_ 08 (P 0.\ _ _ope

33(1 (06) = (39a0’3> 0 0 (39(1%) = —20 (.28

%(90) = —20,

0 n Hé:

It is possible to introduce the concept of integration in superspace (see
section 2.3). For Grassmann variables 7 one defines

/dn =0 and /ndn =1 (D.29)

Setting the volume elements in superspace to be

1
d*0 = —Zdaadeﬂeaﬂ
T (D.30)
d%6 = —Zdeddeﬁ-saﬂ,

one finds

/ (60)d*0 =1 and / (60)d*6 = 1. (D.31)

This method allows the extraction of individual (i. e. 06, 69 or #060) components
of a superfield.



Appendix E

Dimensional Analysis

The canonical dimension of

a Dirac spinors is:  [¢] = 3

ascalar is: [¢] =1

a partial derivative is:  [0,] =1

a massless vector field is:  [4,] =1

a mass parameter is: [m] =1

a renormalizable Lagrangian is:  [Len] =4

a chiral superfield is: [¢] =1

a vector superfield is:  [V] =0

an auxiliary superfield is: [D] = [f] =2
a SUSY generator is:  [Qa] = 3

a Fayet-Iliopoulos parameter is:  [£%] = 2

the supersymmetric parameters is:  [¢] = [0] = [€] =
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Appendix F

A Note on Supergravity and
Unification

SUGRA is a step closer to the unification of the four known forces of nature
— Einstein’s dream of a unified field theory — than any other quantum the-
ory of gravity. It’s framework is even powerful enough to contain matter (i.e.
quarks and leptons) next to all the forces. For technical reasons this feat is
only self-consistently possible in 11 dimensions!>? (i.e. 1 time and 10 space
dimensions). However, SUGRA is also plagued by some fundamental problems.
It is non chiral and the largest symmetry group allowed, O(8), is too small to
accommodate the SU(3)c ® SU(2)r, ® U(1)y symmetry of the SM. Even worse,
it yields infinite quantum corrections, i.e. a non renormalizable quantum field
theory. Thus a further expansion is called for. Perturbative 10-dimensional
superstring theory® was found to be the only framework able to avoid the haz-
ard of infinities faced by all known quantum theories of gravity and marks
theoretical physics perhaps most radical step: The abandoning of the concept
of point particles in favor of 1-dimensionally extended ‘strings’. Surprisingly,
the theoretical approach to this string theory has unveiled an even larger over-
arching and unifying 11-dimensional structure, termed M-theory. Here new
fundamental objects appear: p-dimensional membranes (p-branes) moving in
11-dimensional space time.

It is known that 10-dimensional SUGRA is the low-energy limit of string
theory. Again, quite unexpectedly, 11-dimensional SUGRA proved to be the
low-energy limit of M-theory!

!The appearance of higher space-time dimensions is actually not too surprising, as physi-
cists have realized that in using higher dimensions the fundamental equations become simpler.
In 1919, Theodr Kaluza showed that general relativity and electromagnetism could be unified
as one 5-dimensional theory.

2There are less potent versions of SUGRA in 4 and 10 dimensions.

3The ‘super’ in superstrings refers to SUSY. Historically, the 1974 Wess-Zumino model of
space-time SUSY (section 2.3) was presented as a generalization of the 2-dimensional world-
sheet SUSY introduced in 1971 by the Ramond-Neveu-Schwarz string model. Also in 1971,
Gol’fand and Likhtman independently found the super Poincaré algebra. Apparently, the
first appearance of the concept of SUSY was in the context of a supergroup discovered by
Myazawa in 1966. For technical details see M. B. Green, J. H. Schwarz and E. Witten,
Superstring Theory Vol. 1, Cambridge University Press, 1987 or refs. [2] and [10].
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